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Abstract

This paper studies how externalities in firm-to-firm matching shape the gains from trade. We develop a
general-equilibrium model in which firms search for suppliers of specialized inputs and entry occurs on both
sides of a decentralized matching market. Because entrants take matching rates as given, their participation
generates congestion externalities, and the decentralized equilibrium is generally not constrained efficient.
Consequently, aggregate trade shares are insufficient to characterize welfare: the gains from trade depend on
how trade changes equilibrium matching outcomes and the allocation of firms across matched and unmatched
states. Goods-market integration can amplify the gains from trade by reducing firm entry and alleviating
congestion in domestic supplier matching. By contrast, matching-market integration can attenuate the gains
from trade because pooling domestic and foreign suppliers changes the composition and surplus of matches,

thereby interacting with congestion in the matching market.
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1 Introduction

Standard trade models evaluate gains from trade using aggregate trade shares together with the trade elasticity.
In practice, firms’ production increasingly relies on relationships with specialized suppliers formed through firm-
to-firm trade,! and shaped by costly and uncertain search and matching.? Trade therefore affects not only how
much is traded but also which firms form supplier relationships, reshaping outcomes in the matching market
where firms meet suppliers. Because matching occurs through decentralized search, firms and suppliers do not
internalize how their participation affects others’ matching rates, giving rise to congestion externalities. As a
result, aggregate trade shares are insufficient to characterize the welfare effects of trade because welfare depends
on equilibrium matching outcomes, including the allocation of firms across matched and unmatched states.
Consequently, the welfare gains from trade depend on the distribution of supplier relationships across firms and
the resulting allocation of expenditure across firms. This raises a central question: do congestion externalities
in firm-to-firm matching influence the gains from trade, and if so, through what mechanisms?

To answer this question, we develop a general-equilibrium trade model in which firms search for domestic
and foreign suppliers and form relationships through decentralized search, with entry, matching, and surplus
division determined in equilibrium. Because search is costly and matching is uncertain, some firms remain
unmatched and operate with fewer inputs, whereas matched firms access a wider set of inputs and achieve
higher productivity. Productivity is therefore endogenous, arising from access to supplier relationships through
a love-of-variety effect in intermediate inputs in the spirit of Ethier (1982).% In equilibrium, entry and matching
jointly determine the mass of firms and suppliers and the distribution of productivity across firms. As a result,
trade affects welfare not only through prices and trade flows but also through its impact on market participation
and matching outcomes.

This mechanism operates through the interaction of entry and matching. Firms and suppliers freely enter
the matching market, so the mass of participants on each side is endogenous and determines matching rates.
Because individual entry decisions affect matching rates on both sides of the market but do not internalize
their effects on other participants, entry generates congestion externalities. The surplus from a match is divided
through bargaining, so private entry incentives depend on both matching rates and surplus shares. Consequently,
the decentralized equilibrium generally fails to achieve the constrained efficient allocation: efficiency requires
that surplus shares reflect agents’ marginal contributions to matching (Hosios 1990). We then study how trade
reshapes domestic firm—supplier matching through its effects on entry and congestion, thereby affecting the
gains from trade. This contrasts with much of the existing literature, which focuses on cross-border buyer—seller
matching and partner formation (Eaton et al. 2022, 2026).

To understand how these decentralized matching distortions affect the gains from trade, we first characterize
their welfare implications in a closed economy. In our setting, decentralized entry determines the equilibrium

allocation of firms between matched and unmatched states. Entrants do not internalize congestion externalities

I Empirical evidence highlights the importance of supplier relationships and production networks for understanding recent trade.
Antras, Fort, and Tintelnot (2017) show that firms actively form and manage supplier relationships within global value chains, while
Eaton, Kortum, and Kramarz (2022) document that a substantial share of international trade occurs through specific buyer—seller
relationships, rather than anonymous markets.

2The literature on network formation documents that buyer—supplier relationships are often persistent and structured, reflecting
frictions in forming and maintaining such links. For example, Bernard, Moxnes, and Saito (2019) document the prevalence and
structure of firm—supplier relationships, while Miyauchi (2024) provides evidence that matching frictions and market thickness
shape the formation of firm-to-firm trade relationships.

3In contrast to the standard heterogeneous-firm trade model of Melitz (2003), where productivity is exogenously drawn from
a fixed distribution, productivity in our framework arises endogenously from firms’ access to a wider set of intermediate inputs
through supplier relationships formed via search and matching. Empirical evidence shows that access to a broader range of inputs
raises firms’ productivity (Amiti and Konings 2007; Halpern, Koren, and Szeidl 2015).



generated by their entry into the matching market, so that the decentralized equilibrium generally differs from
the constrained-efficient allocation. This distortion is summarized by the Hosios wedge, which governs the gap
between private and social incentives for entry. Because matched firms operate with higher productivity than
unmatched firms, changes in the equilibrium allocation across matched and unmatched firms affect aggregate
productivity and welfare. In this model, these allocation effects are summarized by two endogenous matching
outcomes—the expenditure share on goods produced by unmatched firms and the mass of unmatched firms—
which capture the efficiency and variety margins of welfare, respectively.

We extend the model to an open economy with two markets: a goods market, where firms produce and trade
final goods, and a matching market, where firms search for suppliers. Following Antras and Costinot (2011),
we distinguish between two forms of trade integration—corresponding to the goods and matching markets—
which we refer to as X-integration and M-integration. We show that X-integration affects the gains from trade
through its impact on congestion in supplier matching. Under X-integration, final goods are traded across
countries, while firms search only for domestic suppliers. Relative to autarky, X-integration therefore increases
domestic competition and reduces the mass of firms in the domestic goods market. The resulting decline reduces
congestion in supplier matching, increasing the rate at which firms match with suppliers. In equilibrium, trade
affects the gains from trade not only through the standard variety and firm-reallocation effects in the goods
market, but also through an additional equilibrium congestion channel in supplier matching, thereby potentially
amplifying the gains from trade.

By contrast, M-integration affects the gains from trade through compositional changes in supplier matching
that reshape equilibrium congestion.* In this environment, firms gain access to foreign suppliers and source
intermediate inputs internationally. Unlike X-integration, which changes congestion primarily through endoge-
nous entry, M-integration directly expands the set of potential firm—supplier relationships. The resulting larger
matching pool changes both the composition of supplier relationships and the expected surplus from matching.
These compositional changes feed back into firms’ entry incentives and hence equilibrium congestion in supplier
matching. Accordingly, in addition to lowering production costs, M-integration reshapes equilibrium congestion
through changes in the composition of supplier relationships. Consequently, the welfare effects of M-integration
depend on how compositional changes reshape equilibrium congestion, thereby potentially attenuating the gains
from trade.

To clarify the empirical relevance of the model, we map X- and M-integration to observed trade patterns. In
our symmetric-country setting, X-integration corresponds to intra-industry trade in differentiated final goods,
whereas M-integration corresponds to offshoring, through which firms source intermediate inputs from foreign
suppliers. Our quantitative analysis, based on empirically plausible parameter values, shows that firm-to-firm
matching externalities are economically important for welfare in both environments. Under our calibration, the
Hosios wedge is positive, implying excessive firm entry in the decentralized equilibrium. Then, X-integration
alleviates this inefficiency by inducing firm exit and reducing firm-side congestion. By contrast, M-integration
affects welfare primarily through changes in the composition of domestic and foreign matches and the resulting
equilibrium congestion. Quantitatively, relative to autarky, welfare under X-integration rises by 3.4 percent,
compared with 2.4 percent in the benchmark economy without firm-to-firm matching. Under M-integration,

allowing matching rates to adjust endogenously increases the welfare loss from 1.7 percent to 2.0 percent.

4Compositional and pooling effects of this type are related to search models of thick markets (Acemoglu 2001). While the frame-
work shares the idea of decentralized matching with congestion and pooling effects, our setting features firm—supplier relationships
in production networks rather than worker—firm matching in job search. This distinction is important for this paper because trade
integration changes firms’ matching opportunities through its effects on entry incentives and the set of potential suppliers, thereby
shaping aggregate productivity and gains from trade.



Related Literature We contribute to a growing literature on search and matching in international trade.
Early work embeds search frictions through labor markets in open economies: Felbermayr, Prat, and Schmerer
(2011) examine how trade interacts with labor-market search frictions, while Helpman, Itskhoki, and Redding
(2012) study trade and unemployment when firms search for workers. In contrast, we focus on firm-to-firm
matching in production networks, emphasizing how trade reshapes firm—supplier matching within countries. In
our model, trade operates through its effects on entry, thereby affecting matching outcomes and the allocation
of resources across matched and unmatched firms.

A second strand of the literature studies search frictions in goods markets. McCallum and Krolikowski
(2021) analyze international trade with relationship formation, bargaining, and search frictions that affect
export participation and the duration of trading relationships. Lenoir, Martin, and Mejean (2023) develop a
model in which firms search for buyers in international markets, showing how customer search frictions distort
trade patterns and welfare. In contrast, we study firm-to-firm matching between producers and suppliers in
production networks, rather than buyer—seller search in goods markets.

A third strand of the literature studies firm-to-firm trade and production networks.> Our framework builds
on Antras and Costinot (2011), who develop a competitive Ricardian model in which production relationships
are formed through decentralized matching, highlighting how trade affects welfare through the formation of such
relationships. We extend this framework to monopolistically competitive environments by allowing free entry
on both sides of the matching market, so that participation affects matching rates and generates congestion
externalities. As a result, welfare depends on how entry shapes matching outcomes and the allocation of firms
across matched and unmatched states. This departure implies that trade affects welfare through endogenous
congestion distortions in the matching market, rather than solely through aggregate trade shares.

Our work also relates to Arkolakis, Huneeus, and Miyauchi (2025; AHM), who extend the sufficient-statistics
logic of Arkolakis, Costinot, and Rodriguez-Clare (2012; ACR) to search environments. They study endogenous
link formation and relationship costs while preserving constrained efficiency, so that welfare can be summarized
by a small set of statistics. In contrast, we allow for free entry into the matching market, where participation
affects matching rates and generates congestion externalities. Because agents do not internalize how their entry
affects others’ matching rates, the decentralized equilibrium is generally not constrained efficient. Consequently,
welfare depends on how trade reshapes matching outcomes, with the expenditure share on goods produced by
unmatched firms emerging as one of the key welfare-relevant statistics. Only when the Hosios condition holds
does our model collapse to the ACR/AHM benchmark.

Relative to these literatures, we make three contributions. First, we develop a general-equilibrium model of
firm-to-firm matching, congestion externalities, and endogenous entry on both sides of the matching market.
Second, we characterize welfare through endogenous matching outcomes, showing that aggregate trade shares
are no longer sufficient statistics for the gains from trade. Third, we highlight an equilibrium congestion channel
in supplier matching through which the welfare effects of trade can be amplified or attenuated depending on the
form of trade integration. Together, these contributions provide a unified framework for understanding welfare

in firm-to-firm trade when the decentralized equilibrium is not constrained efficient.

Roadmap The rest of the paper is organized as follows. Section 2 presents the model setup. Section 3 analyzes
equilibrium and welfare in a closed economy. Section 4 examines the effects of trade on entry, matching, and

welfare in an open economy. Section 5 explores quantitative implications. Section 6 concludes.

5More broadly, this literature highlights the importance of partner search and relationship formation in international markets
(Chaney 2014; Bernard et al. 2022; Eaton et al. 2022, 2026; Sugita et al. 2023; Demir et al. 2024; Heise 2024).



2 Model Setup

This section introduces the baseline model of firm-to-firm matching with search frictions. Firms and suppliers
must form production relationships through a decentralized matching process to improve production efficiency.
The economy features two interconnected markets: a goods market characterized by monopolistic competition

and a matching market in which firms and suppliers meet, whereby endogenous entry links these markets.

2.1 Demand and Production

Demand The industry consists of a continuum of differentiated varieties indexed by w, consumed by L units
of identical agents. Preferences are CES with elasticity of substitution ¢ > 1. Let y(w) denote consumption of

variety w, p(w) its price, and r(w) = p(w)y(w) the associated expenditure. Utility maximization implies

v = (P TR = (M) T

where P = ( p(w)l_"dw)l/(l_o) is the CES price index and R = [ r(w)dw is the aggregate expenditure.

Production Technology Variety w is produced using two inputs: a core input 2% (w) produced internally by
the firm and a non-core input 2°(w) provided by an independent supplier and specialized to variety w. These

inputs are combined through a CES technology with elasticity of substitution o > 1:6

o—1

v(w) = (@7 @) + 1)) )7

where 1(w) is an indicator equal to one when the firm sources the non-core input from a supplier and zero

otherwise. When 1(w) = 0, production uses only the internal core input, y(w) = 2 (w).

F

Intermediate inputs are produced competitively using labor. The core input requires a” units of labor in

S units of labor in the supplier’s country. Suppose that

the firm’s country, and the non-core input requires a
firms and suppliers operate in the same country so that two inputs are produced domestically. Let w denote the
common wage rate. Cost minimization implies that the unit cost of producing variety w is c(w) = waf /p(w),

where ¢(w) measures the cost advantage associated with sourcing the non-core input:

ole) = <1 1) (2) ) -

Firms that source the non-core input have p(w) > 1, whereas firms that do not source have ¢(w) = 1.

Firms must search for potential suppliers to obtain the non-core input, but search does not always succeed,
so firms and suppliers differ by matching status. An unmatched supplier cannot sell the non-core input and
therefore earns zero profit. An unmatched firm cannot use the non-core input and produces with 1(w) = 0,
implying p(w) = 1; nevertheless, under monopolistic competition such a firm earns operating profit. By contrast,
a matched supplier sells the non-core input and earns profit, while a matched firm produces with 1(w) = 1,
implying ¢(w) > 1. We therefore interpret ¢(w) as firm productivity, which increases when firms successfully

match with suppliers.

6While the baseline model assumes a common elasticity of substitution o, Section 4.4 relaxes this assumption by allowing the
elasticities of final-good demand and intermediate-input aggregation to differ and examines the robustness of the main results.



Profit Maximization We now characterize the optimal behavior of firms and suppliers in production. Using
consumer demand and the production technology, revenue r(w) can be expressed as a function of input choices.
Because matching status determines the set of available inputs, an unmatched firm chooses only the core input
o (w), whereas a matched firm uses both the core and non-core inputs z'(w) and z(w), producing at higher
productivity. Forming and maintaining a relationship requires both parties to incur fixed costs f¥ and f9,
which we refer to as matching costs.” All fixed costs in the model are measured in units of labor.

The joint surplus generated by variety w is determined by

F(n;axs( )r(w) —wazF (W) — L(w)wa®z°%(w) — Lw)w(fF + £5).8

Regardless of matching status, profit maximization implies the standard CES markup rule:

g waF

ply) = —— o

where we henceforth suppress the index w. The consumer demand system then determines equilibrium output
and revenue. Let p = p(1), y = y(1), and r = r(1) denote the price, output, and revenue of unmatched firms.
The relative performance of matched and unmatched firms depends only on productivity ¢:
1
p(gﬁ) _ - y( ) o 7‘(90) 0'—1. (1)

- =%,
p P ) r

Thus, matched firms with ¢ > 1 charge lower prices, produce larger quantities, and earn higher revenues than
unmatched firms with ¢ = 1. Matched agents also incur matching costs f¥ and f°. Since variable profits equal

r(p) /o, the equilibrium profits of matched agents are

ro)= "y 2

where f = fF + f9. By contrast, unmatched firms earn m = 7(1) = r/o, while unmatched suppliers earn zero

profit. This asymmetry in outside options shapes surplus division and entry incentives.

Productivity Measure ¢ captures the cost advantage associated with access to specialized inputs. Under
the CES technology, access to additional inputs lowers unit costs through a love-of-variety effect, reflecting firm-
level specialization (Ethier 1982). Empirical evidence likewise shows that broader input sourcing raises firms’
measured productivity (Amiti and Konings 2007; Halpern et al. 2015). ¢ also increases in af /a®, implying
higher efficiency when suppliers are relatively more productive. In the baseline model, we abstract from such
asymmetries by normalizing af” = a® = 1 and setting w = 1 by choosing labor as the numéraire.

Importantly, ¢ is a relationship-specific productivity index. It summarizes the productivity gains generated
by access to supplier relationships and varies with firms’ sourcing mode. Since the baseline model distinguishes
firms only by their matching status, all matched firms share the same value of ¢. Thus, unlike in Melitz (2003),

differences in ¢ arise endogenously from supplier relationships rather than exogenous firm heterogeneity.

"Recent empirical evidence on firm-to-firm matching points to relationship-specific frictions and rematching costs that make
maintaining multiple relationships more costly (Bernard et al. 2019; Miyauchi 2024). These frictions reflect the bilateral nature of
firm—supplier linkages and provide a rationale for modeling one-to-one matching as a reduced-form representation, as discussed in
Sections 2.2 and 4.1 for closed and open economies, respectively.

8This model setting implicitly assumes that contracts between a matched firm and a matched supplier are perfectly enforceable,
consistent with much of the literature on input—output linkages (Antras et al. 2017).



2.2 Search and Matching

Entry and Search After paying entry costs Ff" and F?, entrants enter as unmatched agents. These costs

e
capture the resources required to search for partners.” Entrants then participate in a one-to-one random match-
ing process. If search is successful, the firm and supplier incur relationship-specific fixed costs f¥ and f° and
negotiate the division of joint surplus. Entry costs are incurred prior to matching and determine participation,
whereas matching costs are paid only upon forming a relationship. These frictions jointly determine matching

rates and thus the formation of supplier relationships.

Matching Technology Matches occur randomly among searching agents, so firms and suppliers take match-
ing rates as given. We restrict attention to one-to-one matching, reflecting relationship-specific costs f¥, f°
that make it costly to maintain multiple relationships.

Let u and 4 denote the mass of unmatched firms and suppliers. Matches are formed via a matching func-
tion m(uf’,u®) that is increasing, concave, homogeneous of degree one, and satisfies standard Inada conditions.
Under constant returns to scale, matching rates depend only on the relative abundance of searchers. We define
the unmatched ratio as @ = u®/u’", which is the inverse of standard market tightness in the search literature,

¥ = uf" /u® = 1/6. The matching rates, defined as the arrival rates of successful matches, are therefore

pomuf e’y s muf u’)  m(1,0)
W —T—m(l,e), u = 3 =5

Standard properties of the matching function imply that p’" increases with 6, while u° decreases with 6.

Entry, Matching, and Exit Dynamics Time is continuous, and matching and exit follow Poisson processes.
New firms and suppliers enter as unmatched agents. Let NI" and N2 denote the mass of entrants, and N and
N¥ the total mass of firms and suppliers, so that the mass of matched agents is N — uf and N¥ —u5. We
focus on a stationary equilibrium in which entry is free and entrants earn zero expected profit.

Unmatched agents find partners at rates p” and p°, while all agents exit at rate d, reflecting exogenous
shocks such as changes in demand, technology, or the obsolescence of relationships. Together with entry, these
flows determine the stationary distribution of matched and unmatched agents.

Figure 1 illustrates the flow dynamics for firms. New entrants N" enter the unmatched pool, and unmatched
firms match at rate p', so that pfuf" transition to the matched pool. Both unmatched and matched firms
exit at rate &, implying total exit SN¥". This corresponds to a “death shock” as in Melitz (2003), under which
matched agents exit upon shock arrival rather than returning to the unmatched pool. Through their effect on

matching rates, these frictions determine agents’ outside options and thus shape surplus division.

2.3 Bargaining and Hosios Condition

Bargaining When a firm and a supplier form a relationship, they generate joint profits (), while unmatched
firms earn m and unmatched suppliers earn zero profit. The match surplus, m(p) — 7, is divided according to
a surplus-sharing rule that reflects agents’ outside options. Because these outside options depend on entry and

matching conditions, the resulting surplus shares are endogenous equilibrium objects.

9Empirical work on firm-to-firm trade documents large partner-finding and relationship-initiation costs (Bernard et al. 2019;
Eaton et al. 2022). In our model, entry costs and matching costs operate at distinct margins: the former determine participation
in the matching market, whereas the latter affect the profitability of firm—supplier relationships conditional on entry.
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Figure 1: Flow dynamics of firms in the matching market

Let /3 denote the firm’s primitive bargaining weight, with the supplier receiving 1 — 3. This variable governs
the bargaining process itself. We distinguish it from the firm’s effective bargaining share, denoted by 3, which
determines the division of equilibrium profits. Because agents’ outside options are endogenous in this model,
the effective bargaining share generally differs from the primitive bargaining weight. As shown in Section 3.1,

the effective bargaining share 3 is an endogenous function of the unmatched ratio 6.

Hosios Condition A social planner choosing entry by firms and suppliers internalizes how their participation
affects the formation of new matches. Because the rate at which matches are formed depends on the relative
masses of unmatched agents, entry generates congestion externalities in the sense that additional entrants reduce
other agents’ matching rates. The planner’s allocation is constrained efficient, conditional on the goods-market
structure and matching technology. In decentralized equilibrium, however, agents take these matching rates as
given and therefore do not internalize the resulting congestion effects when making entry decisions. Accordingly,
entry may be excessive or insufficient on one or both sides of the matching market.

The matching technology is characterized by the elasticities of the matching function with respect to search
activity. Let 77 and 7° denote the elasticities for firms and suppliers, respectively, which satisfy 7¥ + 7% = 1
under constant returns to scale. The planner internalizes the dynamic effects of entry through the effective
social matching shares, analogous to the effective private surplus shares § and 1 — 5. Let ¥ and n° denote
the corresponding dynamic social matching shares.!” These matching shares depend on the unmatched ratio 6,
just as the bargaining share 8 does.

Efficiency requires that each side receive a share of the surplus equal to its dynamic social contribution to
match creation. This alignment is known as the Hosios condition. In this model, constrained efficiency requires
that the effective private surplus shares 8,1 — /3 equal the corresponding effective social matching shares n’, n°,
so that 8 = n¥ and 1 — 8 = n°. Because §, n¥', and n° depend on the unmatched ratio #, the Hosios wedge
varies with equilibrium conditions. Changes in entry and matching conditions therefore affect the magnitude of
the equilibrium distortion associated with congestion externalities. This endogenous distortion plays a central

role in the analysis below.

10 Appendix B derives the effective social matching shares nf" and n° by solving the planner’s problem, expressing them in terms
of the primitive matching elasticities #¥ and #°, which are defined as
_p_ 0lnm(uf,u) _s _ Olnm(uf,u”)

Olnuf ’ Olnu’

Appendix B also shows that the Hosios condition 8 = n¥ is equivalent to the primitive condition 8= 7.



3 Equilibrium in a Closed Economy

This section characterizes the closed-economy equilibrium. We first derive the free-entry conditions for firms
and suppliers in the matching market and determine equilibrium participation on each side. We then examine

how search and matching frictions shape market structure and welfare.

3.1 Value Functions, Surplus Sharing, and Free Entry

Value Functions Let V() and V() denote the continuation values of matched firms and suppliers, and
VF and V*° those of unmatched agents. These values represent the present value of future flow profits, where
the exit hazard § acts as the effective discount rate.!!

Matched firms and suppliers earn flow profits 7' () and 7 (), respectively, which sum to 7(¢) as defined

in (2). Since these profits are received until exit at rate §, their continuation values are given by

By contrast, unmatched firms earn flow profit 7, while unmatched suppliers earn zero flow profit, yielding
continuation values 7/6 and 0, respectively. They transition to the matched state at rates u! and p®. Their
continuation values depend on the relative arrival rates of matching and exit, u' /(6 + pf) and ps/(8 + u),
multiplied by the incremental value of becoming matched. For firms, the incremental value is 7' (p)/§ — 7/,

while for suppliers it is 7%(¢)/d. Their continuation values are therefore given by

~(5t) (557 5),
S

il
5

vs— (™)
§+ us 5

Vi =

(3)

Comparing the value functions of matched and unmatched agents, V¥ (p) > VI and V(¢) > V° whenever
the incremental surplus from matching is positive. Because entrants begin unmatched, entry incentives depend
on the expected surplus from future matches. The relevant surplus generated by a match is therefore naturally

measured by the increase in continuation values relative to these outside options.

Surplus Sharing The resulting match surplus is divided between firms and suppliers according to a surplus-
sharing rule. Following the search-and-matching literature (Felbermayr et al. 2011), we characterize bargaining
directly in terms of continuation-value gains relative to unmatched outside options rather than contemporaneous

flow profits. Let B denote the firm’s primitive bargaining weight. The surplus-sharing rule then implies
VE@) = VE =B (VI (g) = VF +VE(e) - VE).

Thus, firms receive the fraction 3 of the continuation-value gains from matching. Because firms and suppliers face
different future matching opportunities and the risk of exogenous exit, however, a given division of continuation-
value gains generally implies a different division of contemporaneous flow-profit surplus across the two sides of
the market.

11 As in Melitz (2003), exit risk affects the valuation of future profits; in our continuous-time setting, the exit hazard plays a role
analogous to a discount rate. Appendix A derives the Bellman equations underlying the value functions explained below.



Combining the surplus-sharing rule with the steady-state value functions in (3) yields the following profit-

sharing relation between firms and suppliers:

sz)gﬂ< 7(p) g)’

(o) () w
=10 ("2 -5).
where -
B0+ ") 5)
B8+ pF) + (1= B)(8 + pS)

is the firm’s effective surplus share, as introduced in Section 2.3.

The profit-sharing rule in (4)—(5) can be interpreted as follows. Equation (4) shows that although matching
costs fF and f° are initially incurred by firms and suppliers, these costs are ultimately shared between them
through surplus sharing over the joint profit 7(y), with the division determined by the equilibrium bargaining
share 8. Equation (5) further implies that g is determined endogenously by the exit rate § and the matching
rates ! and p°. Because these matching rates depend on the relative abundance of firms and suppliers, the
equilibrium surplus division varies with the unmatched ratio 6 and generally differs from 3. In particular, from
the properties of the matching function, 3 is increasing in 6, and 8 > f if and only if N¥ < N5, Accordingly,
a firm’s effective bargaining share rises with the mass of suppliers but falls with the mass of firms: holding
other factors constant, a larger pool of alternative suppliers strengthens the firm’s bargaining position, whereas
a larger pool of competing firms weakens it.'?

Stationary Flows In stationary equilibrium, flows into and out of each matching state must balance. For
firms, the mass of unmatched agents who form matches must equal the mass of matched agents who exit due

to the exogenous death shock (see Figure 1). The same condition applies to suppliers, yielding
pFuf = §(NF —uF), piu® = 6(NS —u¥).

The left-hand side captures match formation at rates pf and p®, while the right-hand side captures exit of
matched agents at rate 9.

Similar conditions apply to the unmatched pool and the industry as a whole. For unmatched agents, exit
occurs at rate § and matching occurs at rates pf” and p, implying N = (§ + uf)uf and N5 = (6 + p¥)u®
At the aggregate level, entry offsets total exit in steady state, so that NI = SN and N7 = §N*.

Under one-to-one matching, the mass of matched firms equals that of matched suppliers. Let n denote the

S

mass of matches in stationary equilibrium. Then, N — «f = N¥ — 4% = n. Combining these identities with

the steady-state relationships above yields

()= ()

Equation (6) shows that the mass of active matches is proportional to the total mass of firms and suppliers,

with the proportion determined by the exit rate and the matching rates.

12This mechanism is well known in the bargaining literature (Wolinsky 1987). Although our results can arise in static two-stage
models in which agents first enter and then match, such frameworks typically treat bargaining weights as exogenous. By contrast,
our dynamic formulation allow these weights to adjust endogenously by linking entry, matching rates, and surplus division.



Free Entry Free entry requires that the net value of entry be zero for firms and suppliers in stationary
equilibrium. Since agents enter the market as unmatched, this condition implies V¥ = Ff and VS = F5.

Using (3)—(6), the free-entry condition can be rewritten as

7r+% (7T(<,0)—7T): . -
75 (L= B)(x(e) =) = £,

where fI" = §FF and f% = §F? denote amortized per-period entry costs.

The first equation in (7) governs firm entry. Unmatched firms earn flow profit m as their outside option.
In addition, a fraction n/N¥ of firms are matched and obtain the incremental surplus 7 () — 7, of which they
receive share 3. Let ¢f" = (n/NT)A3 denote the expected surplus share accruing to firms. Using (5) and (6),
this depends on the matching rates, u and p°. The free-entry condition therefore requires that expected firm
profits, m + ¢ (7(¢) — ), equal the amortized entry cost f£. An analogous interpretation applies to suppliers:
because unmatched suppliers earn zero flow profit, their expected profits equal their expected share of joint

surplus from matching, ¢° = (n/N®)(1 — ), which equals the amortized entry cost f2.

3.2 Stationary Equilibrium

Equilibrium Determination From (1) and (2), the incremental surplus generated by matching is given by
m(p) — 7= (¢! —1) 7w — f (> 0). Substituting this into (7) yields two equations that determine the profit of

unmatched firms in stationary equilibrium:

e

I (o7 T = 1)gF”
P+ re°
(el =)oY

(®)

where the dependence on @ is understood from ¢ and ¢°. Because 7 varies with 6, the two equations jointly
determine the unmatched profit 7 and the unmatched ratio . Economically, the numerators of (8) represent
expected fixed costs—entry costs f and feS together with the expected matching costs embodied in f¢ and
f¢®—while the denominators capture the productivity gains from matching. Each expression therefore gives
the level of unmatched profit that leaves expected entry profits equal to zero on the respective side of the
matching market.

Figure 2 illustrates (8) in (¢, 7) space. Each locus consists of combinations of (6, 7) that satisfy the free-entry
condition on the corresponding side of the market. Standard properties of the matching function imply that
¢f is increasing in 6, while ¢° is decreasing in #, so that the firm-entry condition is downward-sloping and
the supplier-entry condition is upward-sloping. These slopes reflect congestion effects in the matching market.
An increase in the unmatched ratio 8 makes suppliers more abundant relative to firms, raising firms’ matching
rates and expected surplus shares; lower profits are therefore sufficient to sustain firm entry. The converse holds
for supplier entry. Because the two curves have opposite slopes, there can be at most one intersection. Under
parameter values such that the two loci intersect in the interior of the (6, 7) space,'® these properties ensure

the existence and uniqueness of the stationary equilibrium.

13Specifically, the supplier entry cost fES must be so small that some agents choose to enter as suppliers when the expected return
from entry is highest (6 = 0). A sufficient condition is that the supplier free-entry locus lies below the firm free-entry locus at 6 = 0.
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Suppliers

Figure 2: Determination of the stationary equilibrium

General Equilibrium We close the model by characterizing the general equilibrium of the closed economy.
Specifically, given 6§ and 7 determined by the free-entry conditions, the labor-market-clearing condition deter-
mines the equilibrium masses of agents, while the price index follows from CES aggregation across matched and
unmatched firms.

Labor is supplied inelastically at L and allocated between entry and production, so that L = L. + L,,. The
mass NI of entering firms pays the one-time entry cost FI', implying aggregate entry labor LY = NFFF.
Equivalently, the mass N of incumbent firms pays the amortized per-period entry cost fI" = §FF. Using the
steady-state relationship NI" = N, this can be written as LY = NF' fF' = §NFFF. The firm entry condition
then implies that aggregate entry labor equals aggregate firm profits: LY = (N¥ —n)m + naf'(¢).1* Similarly,
aggregate entry labor by suppliers is LY = n7m% (). Thus total investment labor equals total profit:

Le=LF + L = (NP —n)r + nn(p) = II.

Production labor is used for output and matching costs: L, = (N¥ —n)y+ny(¢)/¢+nf. Under CES demand
and constant markups, this equals aggregate revenue net of profit, so that L, = R—II. Combining these results
yields the labor market clearing condition: L = L. + L, = R.

The masses of agents are obtained from the resource constraint, L = R = (N¥ —n)r +nr(p), where revenues

o—1

satisfy r = om and r(¢) = ¢? tow. Using these expressions and the steady-state masses in (6) yields

NF = (W) L, N® = (W) L, n= <“F:/5> L, (9)

— —

— — [l

where = = 071'(1 + LPU_IMF/(5>. The masses of unmatched agents are u*” = N¥ —n and v® = N¥ —n. Together
with (0, 7) in Figure 2, these identities characterize equilibrium participation in the matching market. Finally,
equations (1) and (9) implies that the CES price index is given by aggregating prices across two types of firms,
P77 = (NF —n)p'=? +np(p)'~7. This completes the characterization of the unique stationary equilibrium in

the closed economy.

14This follows from LY = §NF FF | where the entry cost FY equals the value function V¥ in (3) under free entry, together with
the steady-state relationships in (4)—(7).
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3.3 Welfare Analysis

Welfare Property In standard monopolistic-competition models, the decentralized equilibrium is constrained
efficient, so welfare can be characterized by aggregate expenditure shares. This welfare property underlies the
sufficient-statistics result of ACR and its extension to search environments by AHM. In our model, by contrast,
the decentralized equilibrium is generally no longer constrained efficient because entry into the matching market
gives rise to congestion externalities: agents do not internalize how their participation affects other agents’
matching rates, thereby distorting the allocation of firms across matched and unmatched states.

This distortion affects welfare through the equilibrium distribution of firms across matched and unmatched
states. In particular, two equilibrium objects that summarize matching outcomes are central for welfare: the
expenditure share on goods produced by unmatched firms and the mass of unmatched firms. The former captures
the allocation of expenditure and hence the efficiency consequences of matching, while the latter captures the
entry margin and the resulting variety effect. Unlike in ACR/AHM, both objects are endogenous equilibrium

outcomes shaped by congestion in the matching market rather than sufficient statistics.

Welfare Channel of Firm-to-Firm Matching With labor as numéraire, welfare per worker equals the real

wage 1/P. Using the markup rule and the labor-market-clearing condition, the CES price index implies

W01<L>011. (10)

g am

As usual, welfare rises with market size L. However, L has no effect on the key equilibrium variables in Figure 2:
6 and 7. This follows from the free-entry conditions (8), which does not depend on L, so that both # and 7 are
invariant to market size. Intuitively, an increase in L leads to a proportional expansion in the masses of firms
and suppliers, and—under constant returns to scale in matching—the mass of matches also scales proportionally
(see (9)). As a result, the unmatched ratio # remains unchanged. The unmatched profit, 7, is likewise invariant
because proportional entry preserves the free-entry conditions: although aggregate expenditure rises with L,
this effect is exactly offset by a decline in the price index due to the proportional increase in firm entry. Thus,
(10) implies that L increases welfare only through the standard variety channel.

In contrast, fixed costs affect welfare by shaping entry and matching outcomes in the matching market. As
discussed in Section 2.2, entrants incur the fixed entry costs fI and f to participate in the matching market,
while matched agents incur the matching cost f to maintain relationships. Following the literature (Allen 2014),
we interpret these fixed costs as search and matching frictions, and focus on the effect of f below. Equation (8)
implies that lower frictions shift both free-entry loci downward in Figure 2 and reduce the unmatched profit .

Moreover, this shift increases the unmatched ratio 8. Cancelling common terms in (7) and using (5) and (6),

B s
L ()
Equation (11) implies a negative relationship between 6 and w, as illustrated by the dashed line in Figure 2,
— 5 £F
along which any interior equilibria lie. Such equilibria exist only for 0 < 8 < § = ?ﬁ J;fs with moderate frictions.

If frictions are prohibitively large, no matches are formed (n = 0). In this boundary case, equation (7) implies
that the firm free-entry condition reduces to 7 = fI', whereas the supplier free-entry condition becomes slack.
The absence of supplier participation also implies § = u® /uf" = 0. This equilibrium characterization coincides

with the standard monopolistic-competition model without firm-to-firm matching.
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Intuitively, lower frictions raise match surplus and strengthen entry incentives on both sides of the market.
While higher surplus increases expected entry profits, additional entry reduces ex post profitability through
intensified competition. This competitive effect is weaker for firms because entry lowers their outside option ,
whereas suppliers’ outside option remains zero, making the downward shift larger for suppliers than for firms in
Figure 2. The resulting increase in supplier entry relative to firm entry raises the unmatched ratio 6 = u® /uf’,
increasing firms’ matching rates while reducing those of suppliers.

This adjustment has direct welfare implications. Equation (10) shows that welfare increases as the unmatched
profit m declines. Since 7 represents the equilibrium profit under free entry, lower frictions reduce 7 through
intensified competition. In addition, the resulting increase in 6 improves firms’ matching prospects and increases
the share of firms that form supplier relationships. As more firms operate with productivity ¢ > 1 rather than
@ = 1, production shifts from less efficient unmatched firms toward more efficient matched firms, creating a

welfare channel that is absent in models without firm-to-firm matching.

Welfare Decomposition Our analysis links the welfare effects of firm-to-firm matching to the expenditure
share on goods produced by unmatched firms. Let s = (N — n)r/R denote this share, where the aggregate
expenditure R equals the exogenously fixed market size L. Unmatched firms operate with productivity ¢ = 1,
while matched firms operate with ¢ > 1. The expenditure share therefore measures the fraction of expenditure
allocated to relatively inefficient producers.

Market size L has no effect on s. Under constant returns to search, both N¥' and n scale proportionally
with L (= R), while 7 (=7/0) is independent of L. Using (1) and (6) in R = (N¥ — n)r + nr(y) yields

1
s = T o (12)

Since 6 does not depend on market size, the matching rate p" is also independent of L. The expenditure
share instead responds to frictions through their effect on the matching rate. When frictions are prohibitively
large, uf' = 0 and s = 1, so all goods are produced by unmatched firms. When frictions are finite, however,
pf > 0 and s < 1, reflecting the presence of matched firms with higher productivity ¢ > 1. The decline in
this expenditure share directly contributes to welfare gains by allowing consumers to access goods produced at
lower costs by matched firms.

The welfare implications of the decline in s can be shown more formally. Totally differentiating (10),

dlnW = — (dlns—dlnuF).15 (13)

oc—1
Equation (13) shows that welfare depends on two equilibrium objects: the expenditure share on goods produced
by unmatched firms and the mass of unmatched firms. Lower frictions reduce the former by shifting production
toward matched firms, thereby lowering the price index and raising real income (efficiency channel). Welfare
also depends on the latter through a variety channel, although these additional varieties are produced at higher
costs and the response of uf" is generally ambiguous without specifying the matching function.!® Thus, unlike
in standard sufficient-statistics approaches, welfare must be characterized through a structural decomposition

involving endogenous matching outcomes rather than aggregate expenditure shares alone.

5 Equations (9) and (12) imply uf = N¥ —n = L/= and s = on/Z. The result follows from L/(on) = ! /s in (10).

16 This parallels the Melitz (2003) model, where the entry response is ambiguous without specifying the productivity distribution.
Despite this ambiguity, lower frictions always increase welfare because they reduce = in (10). Together with (13), this implies that
the welfare gain arising from the decline in s must outweigh any opposing effect operating through u®.

13



Efficiency and Hosios Condition We compare welfare in the decentralized equilibrium with the allocation
chosen by a social planner. As discussed in Section 2.3, constrained efficiency requires 8 = % and 1 — g = n°,
so that the congestion externality generated by participation is internalized through surplus sharing. When the
Hosios condition does not hold, agents fail to internalize how their participation affects other agents’ matching
rates. If B > n%, firms capture too large a share of match surplus, inducing excessive firm entry and inefficient
congestion on the firm side of the market; if 3 < ¥, firms capture too small a share of the surplus and too few
productive matches are formed. In either case, the decentralized equilibrium features an inefficient unmatched
ratio f and a distorted allocation of firms between matched and unmatched states. Consequently, changes in
frictions affect welfare not only directly but also indirectly through their impact on 6.

Equation (13) shows that welfare depends on the endogenous matching outcomes summarized by s and u?".
Because congestion externalities operate through these equilibrium objects, the decomposition is not restricted
to changes in frictions but applies to any exogenous parameter that influences equilibrium matching outcomes.

Accordingly, for any exogenous parameter £, welfare changes can be decomposed as follows:

dinW _ 90lnW n OlnW dln6
dln¢  Oln¢ dlnf din¢’

(14)

The first term captures the direct effect of changes in &, while the second captures the additional welfare effect
operating through the endogenous response of the unmatched ratio 6. This indirect channel reflects congestion
externalities in the matching market and has welfare consequences only when the Hosios condition fails (3 # o).
Moreover, the indirect component of welfare changes depends on the endogenous response of matching outcomes

through changes in 8, where the sign of this effect is determined by the Hosios wedge (see Appendix B):

. OlmWy . r
Slgn(alne) =sign(8 —n").

When £ = f, the direct effect satisfies %lf;v}/ < 0, while lower matching costs raise the unmatched ratio 3 };‘? < 0.
Hence, the indirect welfare effect of reducing matching costs is governed by the Hosios wedge.

In our model, neither the magnitude of the wedge nor its response to exogenous shocks can be analytically
characterized without specifying the matching function, just as the response of the mass of unmatched firms

discussed above cannot be characterized analytically. We therefore analyze the congestion channel conditional

OlnW __
Olno — 0.

When 8 > nf', firms receive a surplus share larger than their contribution to match creation, inducing excessive

on the sign of the wedge.'” When 3 = %', the decentralized equilibrium is constrained efficient and

firm entry relative to the efficient allocation. Thus, increases in = u® /uf" alleviate this firm-side congestion and

, aal?nlgf > 0. The converse holds when 3 < n’". Taken together, relative to the constrained-efficient

raise welfare
case, lower frictions amplify welfare gains when 3 > nf" and attenuate them when g < 5.

This mechanism explains why welfare is affected by endogenous matching outcomes, which are not captured
by aggregate expenditure allocations. If frictions are prohibitively large, firm-to-firm matching cannot occur,
and 6 is not an operative margin in equation (14). In this benchmark, the equilibrium is constrained efficient:
welfare depends only on the direct effect, as in standard monopolistic-competition models with free entry, to
which the sufficient-statistics logic applies. When matching frictions are finite, by contrast, endogenous entry
generates congestion externalities. Equation (14) therefore implies that welfare depends on matching outcomes

whenever 3 # 1%, thereby breaking the sufficient-statistics logic.

17Section 5 quantifies the Hosios wedge and its response to trade integration under a specific matching function using empirically
plausible parameter values.
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Proposition 1. Welfare under autarky with firm-to-firm matching has the following properties.

(i) Welfare changes are summarized by the expenditure share on goods produced by unmatched firms, s, and

F

the mass of unmatched firms, u*, as in equation (13).

11) The welfare effect of congestion depends on the Hosios wedge. Whenever Fentry into the matching
n

market generates congestion externalities that additionally affect welfare, as summarized in equation (14).

4 Equilibrium in an Open Economy

This section considers a world economy with two symmetric countries described in Section 3. The countries
share the same labor endowment, production technology, and matching technology. We study how trade affects

welfare through entry into the matching market, reshaping the composition of matched and unmatched firms.

4.1 Assumptions in the Open Economy

Trade Costs On the export side, firms face iceberg costs 7, and fixed costs F;, where the latter represent
the investment required to enter the export market, with per-period cost f, = 0F, (Melitz, 2003).

On the import side, firms incur iceberg costs 7,,, and fixed costs f,,,, which are per-period matching costs
between domestic firms and foreign suppliers, analogous to f for domestic matches. Due to locational differences,
cross-border matches involve higher costs than domestic ones, f,, > f (Antras and Helpman, 2004). Moreover,
once agents form a relationship in one country, they stop searching in the other, reflecting relationship-specific

frictions that limit them to a single active partnership (Antras and Costinot, 2011; Antras and Chor 2013).

Cross-Border Matching Matches occur both within and across borders, so total matches n are divided into
domestic and foreign ones. Let ny and n,,, denote the masses of domestic and cross-border matches, respectively,
with n = ng + n,,. We assume that cross-border relationships are less prevalent than domestic ones, so that
N, = Kng, where kK < 1 captures the relative difficulty of cross-border matching.

To isolate the welfare consequences of international supplier relationships, cross-border matching is modeled
in reduced form by assuming that cross-border matches constitute a constant fraction x of domestic matches.
The analysis therefore focuses on the equilibrium consequences of a shift toward foreign supplier relationships,

rather than on the endogenous determination of match composition itself.'®

Export Participation While firms import inputs only when matched with foreign suppliers, they may export
final goods even when unmatched, albeit at a productivity disadvantage relative to matched firms. To isolate
the role of firm-to-firm matching, we assume that export trade costs are sufficiently low that both matched and
unmatched firms export, thereby abstracting from export selection. However, this assumption is not essential:
the main results continue to hold even when only matched firms export (see Appendix C).

With positive trade costs, firm-to-firm matching affects welfare through changes in endogenous matching
outcomes, whose nature depends on the form of trade integration. In all cases, the expenditure share on goods
produced by unmatched firms remains the key welfare-relevant statistic. Importantly, because decentralized
entry generates congestion externalities, aggregate trade shares are no longer sufficient to characterize welfare.

This departs from the sufficient-statistics logic underlying ACR and AHM.

18 Appendix A provides the underlying value system consistent with this reduced-form structure in the open economy.
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In the special case of free trade, firm-to-firm matching no longer gives rise to an additional welfare channel
because trade does not affect entry incentives, matching outcomes, or the equilibrium composition of agents.
Welfare gains then reflect a pure market-size effect arising solely from increased product variety, without changes
in endogenous matching outcomes, as shown in Section 3.3. Consequently, the welfare mechanism parallels that

of standard trade models, and the additional welfare margin associated with endogenous matching disappears.

4.2 Equilibrium Conditions in the Open Economy

Agent Types Allowing for international search generates six types of agents in each country: (i) unmatched
firms; (ii) firms matched with domestic suppliers; (iii) firms matched with foreign suppliers; (iv) unmatched
suppliers; (v) suppliers matched with domestic firms; and (vi) suppliers matched with foreign firms. In what

follows, we focus on firm-side outcomes and present only the key equilibrium relationships.

Revenues and Profits Type (i) firms use only core inputs and earn domestic revenue r4 and export revenue

re = 7L %rq, implying total revenue r = (1 + 7.77)ry. Type (ii) firms use both core inputs and domestic

non-core inputs, generating domestic and export revenues rq(¢) = ¢° lrg and 7.(¢) = 77797 1r,, so that

total revenue is r(¢) = (1 +7.77)p" ~try.
Type (iii) firms combine core inputs with imported non-core inputs, which incur iceberg trade costs 7.

Under the normalization a” = a® = w = 1, their productivity is

1 o—1\ o—1
Pm = (1 + <> ) .
Tm
l1—0o

These firms earn domestic and export revenues r4(¢m) = ©% trqg and r.(¢m) = 727795 ry, implying total
revenue 7(,,) = (1 +7277)p%~1r,;. Thus, revenue ratios are analogous to (1) in the closed economy, reflecting
the assumption that all firms export. Let 7 = r/o denote operating profit, excluding the fixed export cost f.
Unmatched firms therefore earn net profits m — f,. The profits of firms matched with domestic suppliers remain
as in (2), while those of firms matched with foreign suppliers are

T(om) = @y T~ fn- (15)
Productivity Interpretation The definition of productivity implies the ordering ¢ > ¢,, > 1. Firms
matched with foreign suppliers are therefore less efficient than those matched with domestic suppliers due to
the iceberg trade cost 7,,, but more efficient than unmatched firms because access to non-core inputs raises
productivity through the love-of-variety technology. This ordering reflects the symmetric-country structure of
the model and would not generally hold under cross-country differences in production costs.

The productivity ordering may appear at odds with the empirical literature. However, productivity in our
model represents a relationship-specific efficiency shifter rather than primitive TFP in the sense of Melitz (2003).
Foreign sourcing may involve additional implementation frictions—such as coordination, monitoring, or con-
tractual costs—that reduce effective productivity relative to domestic sourcing. Consequently, the assumption
m < @ does not contradict evidence of a productivity premium for importing firms, since ¢,, > 1 still captures

gains from input expansion.'?

19The premium largely reflects selection of productive firms (Bernard et al. 2007a), which the baseline model abstracts from.
Our analysis, however, continues to hold when cross-border matches are more productive than domestic matches.
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Although suppliers may serve multiple markets in practice, we model a match as a relationship-intensive
partnership that requires relationship-specific costs f and f,,, limiting agents to a single relationship at a time.
This captures the idea that forming and maintaining supplier relationships is costly in production networks
(Bernard et al. 2019; Miyauchi 2024).

Importantly, the welfare results in the open economy do not rely on this productivity ordering. Instead, they
arise from a compositional effect in the matching market: the entry of foreign suppliers changes the composition

of potential matches and the incidence of high-surplus relationships.

Equilibrium Characterization In the stationary equilibrium, the value functions, surplus-sharing rule, and
flow-balance conditions are analogous to those in the closed economy, with three modifications. First, the value
functions in (3) include additional terms for agents matched across borders. Second, the surplus-sharing rule
in (4) and (5) is extended to account for both domestic and cross-border matches. Third, the mass of matches
in (6) now includes both domestic and foreign relationships, so that n = ng + 1.
Using (3)—(6), the free-entry conditions in (7) become as follows in the open economy:

ng
NF
(1=B)(n(p) — ) +

(w(0) = ) + 7B lom) = m) = £

(1= B)(n(pm) — ) = f5.

T — fz+
ng

NS

(16)

Nm

NS

Relative to (7), there are two key differences in (16). First, the outside option of firms is m — f,, reflecting
the fixed export cost f, incurred regardless of matching status. Second, matches are split into domestic and
cross-border relationships, generating different match surpluses, 7(¢) — 7 and 7(¢,,) — 7, respectively, which
are shared according to their corresponding expected shares.

Equation (16) defines downward- and upward-sloping loci in (6, 74) space, determining the unmatched ratio ¢
and the unmatched profit m4. In steady state, aggregate revenue equals market size, R = L, and the equilibrium
masses of agents follow from the labor-market-clearing condition as in (9). Welfare per worker is again given
by (10), replacing 7 with the open-economy unmatched profit 74 determined by the free-entry conditions (16).

This completes the characterization of the unique stationary equilibrium in the open economy.

Trade Integration and Welfare How do search and matching shape welfare with firm-to-firm matching
relative to a setting without such matching? To address this question, we compare the free-entry conditions
in (7) and (16). These conditions characterize equilibrium participation and surplus division in the closed and
open economies. This comparison highlights how trade affects welfare through changes in entry and matching,
and clarifies how our results differ from standard trade models.

Characterizing these effects is complicated, however, because trade interacts with search and matching along
multiple margins. Moreover, when both final goods and intermediate inputs are traded, the trade elasticity is
not uniquely defined, as the model features two distinct trade costs, 7, and 7,,.

To isolate these channels, we consider two forms of trade integration, which we refer to as X-integration and
M-integration in this paper. X-integration allows trade in final goods while ruling out input trade (7, = 00),
whereas M-integration allows trade in intermediate inputs while ruling out final-good trade (7, = 00). We show
that these two forms of integration shift the free-entry curves in opposite directions, as summarized in Figure 3,
reflecting distinct underlying mechanisms. In particular, X-integration primarily operates through congestion
externalities associated with entry and matching, whereas M-integration operates through compositional changes

in the pool of firm—supplier relationships.
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(a) X-integration (b) M-integration
Figure 3: Equilibria in X- and M-integration

4.3 Integration of Goods Markets

Characterization of X-Integration If non-core inputs are not tradable (7, = c0), cross-border matches
provide no productivity advantage over unmatched firms (¢,, = 1) but still require paying the matching cost
abroad f,,. As a result, firms matched with foreign suppliers dissolve their relationships immediately upon
meeting, so that no cross-border relationships are sustained in equilibrium, and the masses of matched agents
satisfy ng = n and n,, = 0. In this environment, the transition from autarky to X-integration reduces the
expected return to firm entry by intensifying domestic competition and induces firm exit. This decline alleviates
congestion in the matching market and increases firms’ matching rates, thereby generating a new welfare channel
through firm-to-firm matching.

Imposing these restrictions on the free-entry conditions in (16) and solving for 74 (= m/(1 + 7179)) yields

the domestic profits of unmatched firms in the X-integration equilibrium:

= fE+ fot O
(L4727 7)1+ (971 = 1)¢F)’ an
= i

(L +7 ") (7t = 1)¢""

In the equilibrium in which both matched and unmatched firms export, trade costs must be sufficiently low
that (14+7179) ¢ty — f — fo > @7 lmg— f for matched firms and (1+7177)m,— f, > 74 for unmatched firms.
These conditions simplify to (7,/¢)!"“ms > f, and 72774 > fa, respectively. However, the latter implies the

former, so it suffices to impose the following condition:
g > 15 o (18)

Comparing (8) and (17) under (18), free-entry curves shift downward under X-integration relative to autarky,
reducing my. This shift reflects improved match surplus and outside options from exports: the joint surplus of
matched agents rises from (97! — )7y — f to (1 +7179)(p? =t — 1)mq — f, while the outside option of firms

rises from 74 to (1 +7.79)7y — fr. As a result, entry becomes more attractive at a given 74, so the free-entry
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conditions require a lower equilibrium level of m;. Since the negative relationship between m; and 6 continues
to hold under X-integration, as in (11), the decline in 74 implies a higher 0. Taken together, these effects yield
the equilibrium illustrated in Panel (a) of Figure 3.

In contrast, the total profits 7 rise under X-integration. Multiplying both sides of (17) by (1 + 7.79) yields

I
L+ (et = 1)p"”
A L
(7 —1)¢S”

(19)

Comparing (8) and (19) shows that the firm-entry curve under X-integration lies above that in autarky, while
the supplier counterpart remains unchanged. This difference reflects the presence of the fixed export cost f,
which raises the net entry cost for firms under X-integration. As a result, firm entry is discouraged, reducing the
mass of firms and increasing the unmatched ratio 8 = v /u’". Because 7, falls, the welfare expression in (10)
implies that X-integration generates gains from trade.

It is useful to consider the benchmark case in which firms export freely without trade costs (7, = 1, f, = 0).
In this case, the free-entry conditions under autarky and X-integration coincide once expressed in terms of total
profits (see (8) and (19)), so the unmatched ratio 6 is unchanged. Even when firms face iceberg costs but no
fixed export cost (7, > 1, f, = 0), the conditions remain identical in terms of total profits, with domestic profits
mq reduced proportionally, as in (17). Thus, X-integration does not affect 6, and welfare gains reduce to a pure
market-size effect. By contrast, when firms incur trade costs—especially the fixed export cost—X-integration

alters the key endogenous variables (0, 74), thereby affecting welfare beyond the standard variety effect.

Welfare Decomposition under X-Integration Having examined the effects of X-integration on the key
endogenous variables, we next turn to gains from trade under X-integration. We compare welfare in our model
with that in the ACR framework, where welfare is summarized by two sufficient statistics: the trade elasticity
and the domestic expenditure share. Following ACR, the trade elasticity is defined as e = —91In(R,/Rq)/01n 1,

where Rq and R, denote aggregate domestic and export expenditures, respectively.2® Thus,
e=o0-—1.

This reflects the assumption that all firms export, abstracting from export selection, so that trade operates only
through the intensive margin. By contrast, the domestic expenditure share is A = [(NT' — n)ry + nrqy(¢)]/R,

which is closely related to the domestic unmatched expenditure share s = (N¥ — n)ry/R. They are given by

1 1

T 14 (L4727 L+ o 1uF /8)

A

Welfare changes can be expressed in terms of these statistics. Without firm-to-firm matching, the matching
rate of firms must be zero (¥ = 0), so that the domestic expenditure shares coincide (A = s). Since all firms are
unmatched, the additional welfare channel through matching outcomes disappears. Using the welfare expression
in (13), welfare changes associated with trade liberalization therefore reduce to the ACR formula:

dln A

dlnW = — .
3

208pecifically, Rg = (N — n)rg 4+ nra(p) and Ry = (NF — n)ry + nre(9) = 7477 Ry, which together sum to R.
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With firm-to-firm matching, the matching rate is positive (uf” > 0), so the unmatched expenditure share is
smaller than the domestic expenditure share under X-integration (s < A). Since some firms remain unmatched,

welfare changes are given by (13) with o — 1 replaced by &:
1 F
din W =-C dlns —dlnu" ). (20)

Hence, welfare can no longer be recovered from the domestic expenditure share and the trade elasticity alone.
Instead, welfare depends on endogenous matching outcomes, summarized by the unmatched expenditure share
s and the mass of unmatched firms uf", whose response to trade shocks is generally ambiguous. Consequently,
provided that this mass remains unchanged (dInu’ = 0), welfare changes are larger with firm-to-firm matching
than without it because the unmatched expenditure share declines more than the domestic expenditure share
(dIns < dIn ) in the transition from autarky to X-integration whenever  rises.?!

Alternatively, the gains from trade—measured by the welfare ratio between X-integration and autarky—can

be expressed in terms of the trade elasticity and the two matching-market equilibrium outcomes using (10):

W (st ) (21)
W,  \uf/ul ’
where the subscript a denotes autarky variables. Without firm-to-firm matching, equation (21) nests the ACR

formula as a special case, where the expenditure shares satisfy s, = 1 and s = A. Moreover, when the fixed

export cost is absent, the masses of unmatched firms satisfy ul’” = u". Equation (21) therefore reduces to

w

a

= AME

With firm-to-firm matching, X-integration raises the matching rate of firms (uf > " from 6 > 6,), causing
the unmatched expenditure share to decline more than the domestic expenditure share (s/s, < A).?> Thus,
provided that the mass of unmatched firms does not decline under X-integration relative to autarky (u! /ul" = 1),

the gains from trade are larger than in the standard ACR benchmark.

Key Welfare Mechanism These results highlight that firm-to-firm matching introduces additional welfare
channels beyond the sufficient-statistics framework. The key mechanism operates through entry and congestion
externalities in the matching market. In autarky, decentralized entry is generally inefficient because searchers do
not internalize how their participation affects others’ matching rates, generating a Hosios wedge between private
surplus shares and matching elasticities, as discussed in Section 3.3. In this distorted environment, X-integration
affects welfare by altering entry incentives and matching outcomes: it reduces firm entry, alleviates firm-side
congestion in the matching market, raises firms’ matching rates, and thereby increases aggregate productivity
by expanding productive firm—supplier relationships.

The intuition for these welfare effects can be seen from the welfare decomposition in (14). The first component

captures the standard direct effect operating through the price index. The second captures the indirect welfare

21The free-entry conditions (17) imply that a marginal reduction in 7, proportionately decreases mq, leaving # unchanged. The
increase in 6 discussed here instead refers to the discrete transition from autarky to X-integration, where export opportunities raise
the expected return to entry and thereby alter equilibrium entry incentives. Appendix C extends the model to export selection, under
which a marginal reduction in 7, also raises # within X-integration because trade liberalization increases the relative profitability
of matched firms.

22By definition, Aq = 1 and s, is given by (12). Because 6 > 0, it follows that u > uf” and hence s/sq, < .
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consequences of changes in matching-market distortions, as measured by the Hosios wedge. This second channel
is absent in ACR and AHM, where constrained efficiency eliminates welfare effects arising from endogenous
matching outcomes. When trade costs are sufficiently low that all firms export, this second channel operates
only in the transition from autarky to X-integration.

In the current model, the decentralized equilibrium is generally constrained inefficient. The transition from
autarky to X-integration reduces expected operating profits and thereby induces firm exit. This alleviates
congestion on the firm side of the matching market and raises the matching rate of the remaining firms. The
welfare effect of these changes in matching outcomes depends on the Hosios wedge. When 3 > nf', firm entry
is excessive and the congestion channel reinforces the direct gains from trade. By contrast, when 8 < nf', the
congestion channel offsets part of the direct gains from trade.

In terms of the welfare statistics, improved matching lowers the unmatched expenditure share s, whereas

P Welfare therefore increases when the efficiency gains

reduced entry lowers the mass of unmatched firms
from improved matching dominate the loss in variety. This mechanism explains why the welfare expressions
in (20) and (21) depend on s and u’’, which summarize how trade affects entry and congestion, rather than
solely on aggregate trade shares as in the sufficient-statistics framework of ACR.

Our logic closely follows Melitz and Redding (2015), who contrast the welfare channels of Krugman (1980)
and Melitz (2003). In their analysis, the homogeneous-firm model delivers welfare gains from increased variety,
while the heterogeneous-firm model generates additional gains through selection and reallocation. Our analysis
yields an analogous distinction between standard gains from trade and additional gains arising from firm-to-firm
matching. Without matching, welfare is summarized by the standard sufficient statistics, consistent with the
logic of ACR. With matching, however, trade affects welfare through an additional margin by altering entry,
congestion, and the efficiency of relationship formation. The Hosios condition provides a unifying benchmark for
evaluating how trade affects welfare when the decentralized equilibrium is constrained inefficient in the presence

of firm-to-firm matching.

Proposition 2. Welfare under X-integration with firm-to-firm matching has the following properties.

(i) Welfare is characterized by the trade elasticity e, the domestic expenditure share on goods produced by

unmatched firms, s, and the mass of unmatched firms, u*’, as in equations (20) and (21).

(ii) Relative to autarky, X-integration alters congestion in the matching market. When 8 > n¥’, the transition
to X-integration induces firm exit, raising the unmatched ratio 0 and amplifying the gains from trade.

When B < nF', the congestion channel instead attenuates these gains.

Relevant Evidence Recent empirical studies on firm-to-firm trade suggest that production networks adjust
to exogenous shocks and that matching outcomes depend on the availability of potential trading partners.
Bernard et al. (2019) document substantial reallocation within firm-to-firm trade networks, highlighting firms’
active adjustment of supplier relationships in response to changing market conditions. Miyauchi (2024) shows
that firms rematch with alternative suppliers following supplier exits and that rematching rates increase with
local supplier density, consistent with thick-market externalities.

Although the existing evidence does not directly measure improvements in domestic matching quality induced
by trade, it does indicate that matching outcomes respond to changes in the availability of suppliers and the
set of potential trading partners. These findings are in line with our mechanism, in which import competition
affects entry and congestion in the matching market, thereby altering the formation of productive supplier

relationships in production networks.
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4.4 Integration of Matching Markets

Compositional Effects under M-Integration We turn to M-integration, which isolates the effects of
cross-border matches. Unlike X-integration, access to foreign suppliers alters the composition of firm—supplier
relationships. Because domestic and foreign matches generate different surplus levels, the introduction of cross-
border matches changes the expected surplus from a firm—supplier relationship relative to autarky. The welfare
effects of M-integration therefore depend not only on the productivity of cross-border matches but also on how
the resulting change in the composition of matches affects endogenous entry and congestion in the matching

market.

Characterization of M-Integration When final goods are not tradable (7, = o0), firms sell only in the
domestic market. Using the profits m(¢) and 7(¢p,) in (2) and (15), firms matched with domestic and foreign
suppliers obtain the joint surplus 7(p) — 7 = (97! — )7 — f and m(¢) — 7 = (99,1 — 1)1 — f, respectively.
Using these expressions, together with ng = n/(1+£) and n,, = &n/(1+k), for free-entry conditions (16) yields

the domestic profits of unmatched firms in the M-integration equilibrium::

feF + ftrfm (bF

Ty = 1+k
o o—1 )
T )
£S5 4 IEntu s (22)
Ty = e 1+k
o—1 o—1 :
(et —1) 08

To study the welfare implications of M-integration, we examine how the free-entry conditions in (22) respond
to the trade costs associated with cross-border matching. In equilibrium, firms matched with foreign suppliers

earn higher profits than unmatched firms, 7~ '7; — f,, > 74. Using the definition of p,,,
7qg > 18 fon. (23)

Condition (23) is analogous to (18) for X-integration and characterizes the profitability condition for forming a
cross-border relationship. If (23) is violated under M-integration, firms matched with foreign suppliers dissolve
their relationships immediately upon meeting. When (23) holds, cross-border relationships are profitable relative
to remaining unmatched, thereby increasing the expected return to entry by creating an additional source of
match surplus.

At the same time, foreign agents enter the domestic matching market, reducing the expected surplus shares
to ¢ /(1+k) and ¢° /(1+k) in (22). This dilution effect discourages entry on both sides of the market and hence
shifts the free-entry curves upward. Intuitively, because foreign suppliers expand the pool of potential partners
available to domestic firms, trade integration changes the composition of potential firm—supplier relationships
within a country. As a result, M-integration affects welfare not only through changes in matching rates but also
through this compositional shift in the matching pool.

The equilibrium impact of M-integration therefore reflects the balance between two forces: the profitability
effect from cross-border matches and the dilution effect from foreign entry into the domestic matching market.
These forces operate through the expected surplus generated by a match. Cross-border matching increases
the surplus from successful relationships, whereas foreign entry reduces the expected surplus share received by

domestic agents. Consequently, determining which force prevails reduces to comparing expected match surplus
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under M-integration and autarky. The profitability effect dominates whenever expected match surplus is higher
under M-integration.

Upon rearrangement, this condition is expressed as follows:23

(00t =" ) 1a > f — f. (24)

However, (24) never holds in the present setting because cross-border matches are less productive (., < ¢) and
involve higher matching costs (f,, > f) than domestic matches. As a result, M-integration has effects opposite
to those of X-integration. In particular, comparing (8) and (22) under the opposite inequality in (24), both
free-entry curves shift upward relative to autarky, implying a higher m;. Moreover, the negative relationship
between 6 and 74 in (11) continues to hold. Consequently, 74 rises and 6 falls, as in Panel (b) of Figure 3. Since

74 rises, the welfare expression in (10) implies that M-integration generates welfare losses from trade.

Welfare Decomposition under M-Integration To explore the welfare channels unique to M-integration,
we again follow ACR and examine how the sufficient statistics are affected by this form of trade integration.
Consider first the trade elasticity. Because only non-core inputs are tradable, the relevant elasticity is defined
with respect to cross-border trade in these inputs. In the absence of explicit input prices among matched agents,
we evaluate aggregate expenditures on domestic and imported inputs at marginal cost. The trade elasticity is
therefore defined as e, = —0In(F,,/Eq)/01In1,,, where E4 and E,, denote aggregate domestic and imported

input expenditures, respectively.?* It follows that
em=¢c=0— 1.

Thus, the trade elasticity is identical under X- and M-integration in the present CES specification, reflecting the
common elasticity governing trade in both final and intermediate goods. The domestic expenditure share satisfies
A = 1 since final goods are non-tradable, while the unmatched expenditure share is s = (N¥ —ng—n,,)rq/R < 1,

reflecting that some firms remain unmatched. Under M-integration, this expression can be written as

1
o—14 ot ’
v (2 o

S =

which reduces to (12) in the absence of cross-border matches (k = 0).

Taken together, even though only intermediate inputs are traded and final goods are non-tradable, welfare
changes are still characterized by (20), while the welfare ratio between M-integration and autarky is given by (21),
as in X-integration. Unlike in ACR, however, welfare depends on endogenous matching outcomes, summarized

by the unmatched expenditure share s and the mass of unmatched firms !

. Importantly, the unmatched
expenditure share under M-integration exceeds its autarky counterpart in (12), which directly contributes to

welfare losses as consumption shifts toward unmatched goods produced at higher cost.

23The expected joint surplus under M-integration is

(@t = Dr = f4r (@t = Dm = fm)
1+k '

A downward shift of two free-entry curves requires this to exceed the joint surplus under autarky, (¢~ — 1)7 — f.
248pecifically, Eg = ngz®(¢) and Epm = nmTmaS (
the CES technology.

©m), where relative input demand satisfies T x3, (gam)/xg(cp) = 747° under
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The welfare losses arise because M-integration changes the composition of matches in the matching market.
This is most clearly seen by comparing autarky with M-integration while holding the productivity ranking of
domestic and foreign matches fixed. Foreign entry enlarges the pool of potential suppliers available to domestic
firms and changes the composition of matches formed under decentralized matching. In the baseline model,
the composition of matches shifts from high-surplus domestic relationships to lower-surplus cross-border ones,
causing average match productivity to fall under M-integration relative to autarky.?® This lowers welfare by
raising the price index and shifting expenditure toward unmatched firms. The compositional effect does not stem
from foreign sourcing being technologically inferior per se. Rather, it reflects that expanding the supplier pool
changes the composition of matches and thereby the average surplus generated under decentralized matching.
Although the sign of the welfare effect depends on the productivity ordering of domestic and foreign matches,

the underlying compositional mechanism itself is more general.

Effects of Trade Liberalization within M-Integration The preceding discussion compares autarky with
M-integration holding the productivity ordering of domestic and foreign matches fixed. By contrast, setting
& = 7, in (14) yields the welfare decomposition for reductions in input trade costs within M-integration.
Equation (22) implies that lower 7, shifts the free-entry curves downward, reducing unmatched profits 74 and
increasing the unmatched ratio 6. At the same time, lower trade costs raise the productivity of foreign matches
and increase the surplus generated by foreign supplier relationships. Consequently, trade liberalization within
M-integration can increase welfare, although M-integration reduces welfare relative to autarky through changes
in the composition of matches, as discussed above.

The welfare gains operate through both the direct productivity effect and the congestion channel captured
by the second term of (14), whose magnitude depends on the Hosios wedge. When the equilibrium is constrained
inefficient, the magnitude of these gains depends on the Hosios wedge 3 — n". Trade liberalization affects entry
incentives and thereby changes equilibrium matching outcomes through the unmatched ratio 4. If 8 > nf,
the resulting congestion effect amplifies welfare gains; if 8 < 1%, it attenuates them. Thus, beyond the direct
productivity gains from more efficient foreign relationships, the welfare effects of trade liberalization also depend
on how matching-market distortions interact with the induced changes in entry and matching.

In terms of the welfare statistics, the indirect channel operates through changes in entry and matching out-
comes. Lower input trade costs alter the unmatched ratio 8, thereby affecting both the unmatched expenditure
share s and the mass of unmatched firms u*". These effects amplify or attenuate welfare gains depending on the
sign of the Hosios wedge. This mechanism differs from the channels emphasized in existing quantitative trade
models with tradable inputs. In those models, importing intermediates raises welfare through lower input costs
or access to a wider range of input varieties. By contrast, trade liberalization here also affects equilibrium entry

and matching outcomes, generating an additional welfare channel through matching-market distortions.

Proposition 3. Welfare under M-integration with firm-to-firm matching has the following properties.

(i) Welfare decomposition is characterized by equations (20) and (21). Unlike X-integration, M-integration

alters the composition of matches, affecting welfare through its interaction with congestion externalities.

(ii) The congestion channel of trade liberalization is characterized by equation (14). When 8 > 0¥, a reduction
in Tp, increases foreign match surplus, raising the unmatched ratio 0 and amplifying the gains from trade.

When 8 < n¥, the congestion channel instead attenuates these gains.

B

25Since revenues are proportional to ¢~ 1, the relevant productivity is ¢° ! in autarky and £ e under M-integration.
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Robustness and Extensions We conclude this section by briefly discussing three extensions of the baseline
M-integration setting: (i) differing elasticities between final and intermediate goods; (ii) asymmetric-country
environments; and (iii) alternative productivity orderings across matches. In all extensions, the central welfare
mechanism operates through entry responses and congestion in the matching market.?6 Appendix D provides
further details.

First, the results extend to the case in which the elasticities of substitution differ between final goods and
intermediate inputs. Let p(> 1) denote the elasticity among intermediate inputs in production, with o denoting
the elasticity across final goods in utility. In this case, the productivity measures ¢ and ,, depend on the input
elasticity p, whereas the equilibrium ratios in (1) and profits in (2) depend on ¢ and remain unchanged. While
allowing p # o changes the elasticity of input trade, the welfare decomposition remains unchanged. Therefore,
the qualitative effects of M-integration on entry, matching, and welfare are preserved.

Second, the welfare losses from M-integration need not arise in asymmetric-country environments. Suppose
that countries differ in unit labor requirements, so that one country (North) has higher wages than the other
(South). Northern firms can then benefit from sourcing inputs from lower-cost Southern suppliers even after
paying iceberg trade costs. Cross-border matches may therefore become more productive than domestic matches
for Northern firms, offsetting the misallocation mechanism emphasized in the baseline model. Consequently,
North may experience welfare gains from M-integration, even though South may still suffer welfare losses.

Third, the welfare mechanism continues to hold even when foreign sourcing raises productivity. Suppose
that firms matched with domestic suppliers can additionally source foreign inputs, so that productivity rises
through the CES aggregation. In this case, cross-border sourcing increases productivity conditional on matching.
Nevertheless, M-integration affects welfare through matching-market interactions because entry and matching
determine the allocation of firms across matched and unmatched states. Consequently, the welfare consequences

depend not only on productivity gains from foreign sourcing but also on equilibrium matching outcomes.

5 Quantitative Illustration

Although the model characterizes the effects of trade integration, the responses of the mass of unmatched firms
and the magnitude of the Hosios wedge—both central to welfare in the presence of firm-to-firm matching—require
specifying the matching function. We therefore calibrate the model and solve numerically for the equilibrium.
This allows us to decompose welfare changes into a standard sufficient-statistics component and an additional
matching-efficiency component. The main purpose of the calibration is to illustrate the economic mechanisms
highlighted by the model rather than to provide a comprehensive quantitative assessment or sensitivity analysis.

Details of the calibration procedure and parameter values are provided in Appendix E.

5.1 Calibration and Parameterization

Calibration of the Matching Function Following recent work on firm-to-firm matching by Heise (2024),

we assume that firms and suppliers meet through the CES matching function:

m(uf,uS) = ((uF)_L + (uS)-L)_l/L. (25)

26 Although direct evidence on the crowding out of domestic suppliers is limited, the existing empirical literature suggests that
input trade can alter firms’ sourcing patterns and the composition of supplier relationships. For example, Dhyne et al. (2021) show
that input-trade shocks affect firms’ sourcing decisions, reshape domestic transactions, and propagate through production networks.
These findings are consistent with the idea that input trade reallocates supplier relationships across domestic and foreign sources.
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Using detailed U.S. transaction-level data on production networks, Heise (2024) estimates market tightness
¥ = u® /u® = 0.66. Since our model defines the unmatched ratio as the inverse of market tightness, 6 = u* /uf’,

the estimate implies # = 1.5. Under (25), the matching rates are given by
'uF — (1 _"_071,)71/1,’ 'uS _ (1 _|_0L)71/L'

Combined with the estimated matching elasticity ¢« = 0.45, we calibrate the autarky equilibrium to reproduce
the estimated matching rates u" = 0.26 and p = 0.17.

Following Heise (2024), we interpret § as the depreciation rate of relationship capital and set § = 0.05, close
to his estimate of 0.063. The remaining parameters, including the elasticity of substitution o = 4, are calibrated
using central estimates from the empirical literature based on U.S. data. In addition, under X-integration we set
the trade costs to 7, = 1.6 and f, = 0.14 so that all firms export. Under M-integration, we set the trade costs
to 7, = 1.2 and f,,, = 0.14, and the relative difficulty of cross-border matching to x = 0.4 so that cross-border

supplier relationships arise in equilibrium.

Bargaining Power and the Hosios Wedge The firm’s effective bargaining share is determined by the
primitive bargaining weight B and the matching rates p, 4% through (5). We set the firm’s primitive bargaining
weight to B = 0.6. This value reflects empirical evidence that buyers possess substantial bargaining power in
firm-to-firm trade. Alviarez et al. (2025) estimate an importer bargaining weight of approximately 0.8 using
U.S. importer—exporter data. Although we adopt the more conservative value, our main qualitative results are
also robust to using theirs. The effective bargaining weight is determined by the calibrated unmatched ratio 6.

Analogously, under (25), the firm’s primitive matching elasticity admits a closed-form expression in terms of 6:

HL
~F _
77 _1+9L7

which determines the corresponding dynamic social matching share n¥" (see Appendix B). Since both 3 and n’’
vary with 0, the Hosios wedge adjusts endogenously to trade integration.

Evaluated at the calibrated values § = 1.5, ¢+ = 0.45, and B = 0.6, we obtain 8 = 0.67 and 1 = 0.62,
implying a positive effective Hosios wedge, 8 — n¥" = 0.05. The corresponding primitive matching elasticity is
7f = 0.55, yielding 8- 7¥ = 0.05. Therefore, the primitive and dynamic formulations imply a quantitatively
similar positive distortion. This reflects that firms capture a larger share of match surplus than is consistent
with constrained efficiency. As a result, the decentralized equilibrium features excessive firm entry, leading to

excessive congestion among firms in the matching market.

5.2 Quantitative Effects of Trade Integration

Table 1 reports the benchmark quantitative effects of trade integration under the calibrated parameterization.
Throughout the quantitative analysis, the unmatched expenditure share and the mass of unmatched firms are
normalized to the relative terms in the autarky equilibrium. This aims to provide quantitative illustrations of
the welfare ratio in (21), highlighting how trade integration affects welfare through the Hosios wedge and the
sufficient statistics s and ¥ emphasized in Sections 4.3 and 4.4.%7

27 Appendix E also reports the quantitative effects of export selection on the welfare ratio in (21), as well as the effects of reductions
in 7 and 7, on the welfare changes in (20). These exercises confirm the qualitative predictions of the model and illustrate how
the welfare implications of trade integration vary across alternative integration regimes.
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Table 1: Quantitative effects of trade integration

0 B-nt" s/s, W /ul W/W,

a

Autarky 1.50 0.05 1.00 1.00 1.000
X-integration 1.84 0.03 0.74 0.82 1.034
M-integration 1.29 0.07 1.12 1.05 0.980

Notes: Welfare and matching outcomes are normalized relative to autarky. Details of the calibration are reported in Appendix E.

Effect of X-Integration Relative to autarky, X-integration raises the unmatched ratio from 1.50 to 1.84,
because export opportunities alter entry incentives and reduce firm-side congestion in the matching market. As
a result, the effective bargaining share /3 rises from 0.67 to 0.71, while the dynamic social matching share n*’
rises from 0.62 to 0.68, causing the Hosios wedge 8 — 1! to decline from 0.05 to 0.03.

The unmatched expenditure share and the mass of unmatched firms fall to s/s, = 0.74 and u’ /ul’ = 0.82,
indicating that trade shifts expenditure toward productive matched firms and improves matching efficiency.
Substituting these values into (21) implies welfare gains of 3.4 percent relative to autarky. By contrast, without
firm-to-firm matching, the benchmark economy generates A = 0.8, implying welfare gains from trade of 2.4
percent relative to autarky under the same assumption that exporters incur the fixed export cost. Therefore,
firm-to-firm matching raises welfare gains by more than one-third relative to the economy without matching
through endogenous improvements in matching outcomes.

In this calibration, the standard sufficient statistics are identical regardless of whether firm-to-firm matching
is present (¢ = 3 and A = 0.8). Nevertheless, firm-to-firm matching generates additional gains from trade
through changes in s/s, and uf /uf’. Moreover, X-integration reduces the Hosios wedge, thereby moving the
decentralized equilibrium closer to the constrained-efficient allocation. Ignoring matching outcomes therefore
understates the gains from trade because it overlooks both the welfare gains arising from reduced congestion in

the matching market and the associated improvement in matching efficiency.

Effect of M-Integration Under M-integration, the unmatched ratio falls from 6 = 1.50 to 8 = 1.29 because
firms can now form cross-border supplier relationships, tightening the supplier side of the matching market.
As matching conditions deteriorate for firms, both 8 and nf decline from 0.67 to 0.65 and from 0.62 to 0.58,
respectively, causing the Hosios wedge 3 — n!" to increase from 0.05 to 0.07.

At the same time, the unmatched expenditure share rises to s/s, = 1.12, while the mass of unmatched
firms increases to uf’ /ul’ = 1.05. These changes indicate that trade shifts expenditure away from high-surplus
domestic matches toward lower-surplus cross-border relationships, reducing matching efficiency. Substituting
these values into (21) implies welfare losses of 2.0 percent relative to autarky. To gauge the role of endogenous
matching adjustment, we also compute welfare while holding 6 at its autarky level. This counterfactual implies a
welfare loss of 1.7 percent. Thus, endogenous matching adjustment increases the welfare loss from M-integration
by about one-fifth relative to the fixed-matching benchmark.

Unlike X-integration, M-integration changes the composition of potential supplier relationships. Firms form
matches with either domestic or foreign suppliers, thereby altering the allocation of matches across firms and
increasing the unmatched expenditure share. At the same time, M-integration increases the Hosios wedge by
moving the decentralized equilibrium further away from the constrained-efficient allocation, which also leads to
lower welfare in the benchmark calibration. Importantly, the compositional effects continue to affect welfare

even when foreign sourcing generates a genuine productivity advantage (see Appendix D).
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5.3 Interpretation of Welfare Effects

The quantitative results can be interpreted through the interaction between trade integration and matching-
market distortions. Under X-integration, export opportunities intensify domestic competition and reallocate
production toward productive matched firms, thereby reducing firm-side congestion in the matching market.
Improved matching conditions narrow the Hosios wedge, moving the decentralized equilibrium closer to the
constrained-efficient allocation. Together with the decline in the unmatched expenditure share, this improvement
raises welfare. By contrast, under M-integration, welfare falls because trade changes the composition of firm—
supplier relationships. The resulting compositional effect reduces the quality of matching outcomes and raises
the unmatched expenditure share. This change widens the Hosios wedge, moving the decentralized equilibrium
further away from the constrained-efficient allocation and thereby reinforcing the welfare loss generated by the
compositional effect.

These results illustrate why the sufficient-statistics logic breaks down when decentralized entry generates
matching-market distortions. In the class of trade models analyzed by ACR, welfare depends only on aggregate
trade shares because the decentralized equilibrium is constrained efficient. AHM extend this logic to endogenous
relationship formation while preserving constrained efficiency. In our model, however, entry decisions generate
congestion externalities, whereas M-integration additionally introduces compositional effects through changes
in the mix of firm—supplier relationships. As a result, welfare no longer depends on aggregate trade shares but
instead on the equilibrium matching outcomes, summarized by the unmatched expenditure share and the mass
of unmatched firms. The quantitative analysis therefore identifies these variables as additional welfare-relevant

statistics in economies with firm-to-firm matching.

6 Conclusion

This paper explores how congestion externalities in firm-to-firm matching affect the welfare gains from trade.
We develop a general-equilibrium trade model in which firms search for suppliers to obtain specialized inputs,
and firm—supplier relationships arise through decentralized matching with endogenous entry. Because entry
determines the mass of agents participating in the matching market, decentralized entry generates congestion
externalities that drive a wedge between private and social incentives for entry, thereby shaping equilibrium
matching outcomes and the gains from trade.

The model delivers two key results. First, goods-market integration can amplify the gains from trade by
alleviating firm-side congestion in matching markets and moving the decentralized equilibrium closer to the
constrained-efficient allocation. Second, matching-market integration can attenuate the gains from trade by
changing the composition of firm—supplier relationships while simultaneously increasing congestion distortions.
These contrasting results imply that the welfare consequences of globalization may depend on how trade shapes
entry incentives, matching outcomes, and the allocation of firm—supplier relationships.

Quantitative exercises based on empirically plausible parameter values suggest that these mechanisms can
have economically meaningful effects on welfare. More broadly, the analysis shows why the sufficient-statistics
logic breaks down when firm-to-firm matching plays a central role in global production. Because entry decisions
affect matching rates and generate congestion externalities, aggregate trade shares no longer summarize welfare;
instead, welfare depends on equilibrium matching outcomes. Examining firm-to-firm matching in trade models
is therefore important for evaluating the welfare consequences of globalization and trade policy in economies

organized around production networks.
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Appendix

The Appendix is organized as follows. Appendix A derives the Bellman equations and bargaining outcomes in
the closed and open economies. Appendix B derives the constrained-efficient allocation and the Hosios condition.
Appendix C analyzes export selection under X-integration. Appendix D shows extensions and robustness checks

for M-integration. Appendix E reports details of the quantitative analysis.

A Bellman Equations, Bargaining, and Surplus Sharing

This appendix presents the Bellman equations underlying the value functions used in the main text and derives

the corresponding bargaining outcomes and surplus-splitting rules in both the closed and open economies.

A.1 Closed Economy

Let v denote a common discount rate. Then, the value functions must satisfy the following Bellman equations

that characterize the expected profit of any type of agents:
W) =" (p) =6V (0) + VI (),
WE=rt " (V) = VE) = oVF V7,
WV p) = 75(p) = V() + VI (y),
WS = S (VS(cp) - VS) — VS 4+ VS,

(A.1)

Since we focus only on a stationary equilibrium, the value functions satisfy V¥ (¢) = VI = VS(p) = VS = 0.
Further, we assume a zero discount rate. In this model, the exogenous destruction rate § limits the duration of
relationships, introducing a force analogous to time discounting, while a positive discount rate would imply that
aggregate profits need not equal aggregate entry costs in a steady state. As noted in Melitz (2003, footnote 16),
the absence of time discounting restores this equality, which greatly simplifies the general-equilibrium analysis.

Setting v = 0 in (A.1) and rearranging yields the steady-state value functions reported in Section 3.1.

A.2 Open Economy

Let p4 and pf denote the rates at which an unmatched firm meets a domestic and a foreign supplier in the open
economy, respectively. Similarly, let uds and 42, denote the corresponding rates for suppliers. Since cross-border

matches constitute a constant fraction x of domestic matches, we have uf, /ul = 5 /u5 = K, implying

F MF F ’K;//‘F S _ /j‘S S H,US (A 2)

) :u‘m:1+’€7

where pf' = ,ug +pl and p¥ = ,ug + 1, denote the total matching rates of firms and suppliers, respectively.

Using the matching rates in (A.2), the Bellman equations for firms in the open economy are expressed as

WE () =75 () = sV F () + VF (),
YWE(om) =75 (om) = 6V (o) + VE (om), (A.3)
WE=m+ulf (VF(sD) - VF) + th, (VF(st) - VF) — V4 VE
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Likewise, the Bellman equations for suppliers are expressed as

VW5 () =75(p) = V5 (p) + V5 (),
W em) = 1%(0m) = 8V (o) + V7 (om), (A4)
VW5 =3 (VS(</>) - VS) + i, (Vs(cpm) —~ VS) —5VS 4 VS,

Unlike the closed economy, unmatched agents may transition into either a domestic or a foreign relationship.
Accordingly, the unmatched values V¥ and V° incorporate the option value of obtaining either type of future
match and therefore serve as common outside options in all subsequent bargaining problems.

Setting v = 0 and VF = VF () = VF (o) = VS = V3(p) = V5(pm) = 0 in (A.3)(A.4) and rearranging,

the value functions of matched agents with domestic and cross-border relationships are given by

7TF 7TF
Vi) = Ty, = T em)

71—8 7TS
VS =T v, = TEn),

By contrast, the value functions of unmatched agents in the open economy are given by

(o) (5-3) () (52 3)
() 2 )

The value functions in (A.5) nest those in (3) as a special case when x = 0, under which uf = u5 =0, while
ph = pf and pf = pf.
For tractability, we maintain the same surplus-sharing rule characterized in the closed economy. Specifically,

v =

(A.5)

we assume that the primitive Nash bargaining weight 3 is common across domestic and cross-border matches and
continue to use the corresponding effective surplus-sharing coefficient 8 given by equation (5). This assumption
allows us to isolate the effects of heterogeneous match surpluses on congestion and welfare without introducing

additional heterogeneity in bargaining outcomes. Under this assumption, the open-economy counterpart of the
surplus-sharing rule is given by

(57 5) e ()= 5) (75 5),
) Pem) g (Y (ntem) 1))

The steady-state masses are given by (6), except that n = ng + n,, denotes the total mass of matched pairs

SR

(A.6)

in the open economy. Together with the matching structure n,, = xkng and the matching rates given in (A.2),
this characterizes the stationary equilibrium.

As in the closed economy, free entry requires that the net value of entry be zero in stationary equilibrium.
Since agents enter the matching market as unmatched and firms incur the fixed export cost F,, irrespective of
matching status, free entry implies V¥ = FF 4 F, for firms and V¥ = F? for suppliers. Combining the value
functions in (A.5) with the aggregate surplus-splitting rule in (A.6), the matching structure n,, = kng4, and the

matching rates in (A.2) yields the open-economy free-entry conditions (16) presented in Section 4.2.
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B Constrained Efficiency and the Hosios Condition

This appendix derives the constrained-efficient allocation and compares it with the decentralized equilibrium.
The comparison identifies the Hosios condition under which congestion externalities are fully internalized. We
first characterize the benchmark economy without firm-to-firm matching and then show how matching frictions

modify the efficiency conditions and generate the Hosios wedge.

B.1 Equilibrium without Firm-to-Firm Matching

Decentralized Allocation We first consider the benchmark case in which firm-to-firm matching is absent.
As discussed in Section 3.3, this equilibrium can be regarded as prohibitively large search and matching frictions,

so no supplier relationships are formed (n = 0). As a result, the firm-entry condition in (7) is only relevant:
7= fF. (B.1)

Since unmatched firms are the only producers, aggregate expenditure is R = N'r, where each firm earns r = o7.

Using labor-market clearing, R = L and m = /o for (B.1), the mass of firms is

L
NF = —. (B.2)
off
Constrained-Efficient Allocation A constrained planner chooses the mass of firms and their output, taking

the monopolistic-competition structure as given. Without matching, consumer utility under CES preferences is

U= </0 y(w)a°1dw> - = (NF)==1y.

Defining U = @, welfare per worker is W = Q/L (= 1/P). Because each firm produces output y and incurs the

fixed entry cost fI

, the resource constraint is L = Ny + N¥ £, Thus, the planner’s problem is given by

L onrFy=2; _ NF F ¢F
ﬁg}; Z(N Yoty st. L=N"y+N"f,.

Solving the resource constraint for y and differentiating W with respect to N¥', the first-order condition yields
the constrained-efficient mass of firms, which coincides with the decentralized equilibrium in (B.2). Moreover,

it follows from R = L and (B.2) that revenue per firm is

T =

R L »
NF ~ nF e

Dividing both sides by o and using m = r /o, this is equivalent with (B.1). Welfare in (10) is therefore

c—1 L T
W = —_— .
- ()

These conditions coincide exactly with those in the decentralized equilibrium. Consequently, when firm-to-firm

matching is absent, the decentralized equilibrium is constrained efficient, implying that congestion externalities

arise only when entry affects matching rates through the matching market.
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B.2 Equilibrium with Firm-to-Firm Matching

Decentralized Allocation We now reintroduce firm-to-firm matching in the model by allowing search and
matching frictions to be finite, so firms form supplier relationships through a decentralized matching process.

In this equilibrium, the decentralized free-entry conditions are given by (7):

n
7T+WBA7T: eF,
n
v

1— B)Ar = f5, 3

where A1 = 7(p) — 7 is the incremental match surplus. The expected surplus shares (n/N¥)3, (n/N®)(1— j)
depend on the matching rates, uf', 1. Individual agents take these rates as given when making entry decisions

and therefore do not internalize how entry affects the matching rates of others.

Constrained-Efficient Allocation A constrained planner chooses the masses of agents and their outputs,
taking the matching technology and the monopolistic-competition structure as given. Unlike private agents,
the planner internalizes how participation affects the creation of new matches. In the stationary allocation,

F

the planner chooses the masses of unmatched firms «!', unmatched suppliers «°, matches n, together with the

outputs produced by unmatched and matched firms y and y(p), to maximize welfare:

1 F o=l o—1\ o1
max —(uwy s +n T)
uF uS nyyy(e) L ( Y 2

n
s.t. L=qu+?ﬁ@+nf+(uF+n>f5+<uS+n) 2

on = m(u®,u”).

Here, uf" + n = N¥ and v® + n = N denote the stationary masses of firms and suppliers, respectively. Since
fF = 6FF and f5 = 6F? are the corresponding amortized per-period entry costs, the resource constraint is
equivalent to one written in terms of one-time entry costs and entry flows. Likewise, the second constraint is
the stationary flow-balance condition for matches.

The first-order conditions with respect to y and y(¢) imply y(¢)/y = ¢?. The first-order conditions with

F

respect to u!", u®, and n, respectively, imply

feF:Tr_‘_XmF7 fEZXmSa 7T-(<)0)_feF_feS:X67

om(uf u)

F S
where mp = ZH5p"= and mg = Imlu_u7)

, while y denotes the ratio of the Lagrangian multiplier on the

matching constraint to that on the resource constraint. Solving these conditions yields

Am

= 5+mF+mS'

Further, substituting for y gives the planner’s marginal entry conditions:

mF F
T+ | ——"—— A= f,
(5+mp+m5> ¢

M ) Ar=f5.
(5+mp+ms> T fe
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Under constant returns to scale, mp = ¥ uf" and mg = 7°u°. Then, using the stationary relationships in (6),

the planner’s marginal entry conditions can equivalently be written as

7r—|—i17FA7r: r

NF e’
o ) (B.4)
Wﬂ Am = f7,
where
F _ (5 + :U/F)ﬁF 7,]5 _ (5 + MS)ﬁS (B 5)
5_’_77FMF+7'75HS’ 5_’_77FMF+77$'ILLS :

denote the dynamic social matching shares, which satisfy n® + n® = 1, since 7% + 7% = 1. These conditions

characterize the constrained-efficient stationary allocation.

Hosios Condition Comparing free-entry conditions (B.3) and (B.4) shows that the decentralized allocation
coincides with the constrained-efficient allocation if and only if the effective private bargaining shares equal the

corresponding dynamic social matching shares, as stated in Section 2.3:
/6 = nFa 1- B = 775'

This extends the Hosios condition to the dynamic matching environment. When 8 > %', firms receive a larger
share of match surplus than their dynamic social matching share, leading to excessive entry relative to the
constrained-efficient allocation. Conversely, when 3 < 1%, firms receive too small a share of match surplus,
resulting in insufficient entry. Hence, the Hosios wedge measures the gap between the private and social returns
to firm entry and captures the congestion distortion associated with decentralized entry.

When the Hosios condition holds, the decentralized equilibrium is constrained efficient, and changes in 6 have
no first-order welfare effect. Consequently, the second term in (14) vanishes. When the Hosios condition fails,
changes in 6 generate inefficient changes in congestion. Accordingly, welfare depends on endogenous matching
outcomes whenever 3 # nf’, because changes in 6 have first-order welfare consequences through congestion in
the matching market.

Comparing the effective bargaining weight in (5) with the dynamic social matching share in (B.5) yields

B=n" — B=7q".
Thus, the dynamic Hosios condition is equivalent to the standard Hosios condition when expressed in terms of

the primitive bargaining weight and the primitive matching elasticity.
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C Export Selection under X-Integration

This appendix characterizes the equilibrium of X-integration when only matched firms export, showing that the

key results continue to hold both theoretically and quantitatively under export selection.

C.1 Equilibrium Characterization

Modified Free-Entry Conditions When export selection is present, unmatched firms earn only domestic

revenue rg, whereas matched firms earn both domestic and export revenues:

o—1
ra(e) =" 'ra,  ralp) = (w) rd,

Tz

so that total revenue is 7(p) = (1 + 7177)¢ " 1r,. The revenue ratio between matched and unmatched firms is

therefore larger than in autarky (see (1)):

Unmatched firms earn domestic profits 74 = rq/o(= m), while matched firms incur both matching costs f

and export entry costs f,. Total profits of matched agents are therefore

() = (1+7, )" 'mg — f — fa

The free-entry conditions in X-integration with export selection are
n
T+ —%

n
NS

(o) —m) = £ =0, )
(1—B)(r(p) — ) — 15 =0. '

While (C.1) resembles (16) in Section 4.3, the export cost f, does not appear directly in (C.1). Unlike the
baseline model, only matched firms export under export selection, so unmatched firms do not incur the fixed
export cost. Accordingly, the outside option remains 7 rather than = — f,. The export cost instead affects entry
through the surplus generated by a successful match, captured by 7 (¢).

Using mq = m, the domestic profits of unmatched firms are

= FE+ (F+ f)0"
L+ (L4 72 %)po 1 —1) ¢F’ ©2)
SN /e O PO '

() 1) 68

Equation (C.2) is the counterpart of (17), with the key difference being that unmatched firms do not export
in equilibrium. Nevertheless, entry decisions are forward-looking: unmatched agents anticipate that they may
form a match in the future, at which point they begin exporting. The fixed export cost f, enters as an additional
fixed cost of exporting, whereas the iceberg trade cost 7, lowers export profitability by reducing export revenues
through the term (1 + 7177)p° 1. Consequently, both trade costs affect expected entry profits through the

profitability of future export relationships, as summarized by ¢ and ¢°.
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Impact of X-Integration To examine how (C.2) responds to X-integration, recall the assumption that only
matched firms export. This outcome arises when matched firms earn higher profits in X-integration than in

autarky, while unmatched firms do not, which requires the following conditions for the respective types of firms:

(L4727 g — f— fo > " tma— f,
(1 + T;_U)Trd - f:p < Tq.

These inequalities imply that trade costs must lie in the intermediate range
Ta <7y o < @7 mg. (C.3)

Comparing (8) and (C.2) under (C.3), the two curves in X-integration lie below those in autarky, reducing the
unmatched profits m4. Moreover, cancelling the common term in (C.1) shows that the relationship between
mq(= 7) and € in (11) continues to hold in X-integration. Hence a decline in 74 increases 6, as illustrated in
Panel (a) of Figure 3.

Intuitively, the downward shift reflects the larger joint surplus in X-integration relative to autarky:
(L7 =)= f—fo> (7 = 1) ma— f.

Higher surplus raises ex ante expected profits, inducing additional entry and thereby reducing ex post prof-
itability in X-integration. Note that this inequality reduces to the second inequality in (C.3), which requires
that matched firms export. Hence whether unmatched firms export is irrelevant for the downward shift of the
two curves and the resulting equilibrium outcomes.

Equation (C.2) also implies that the two curves shift downward by different amounts because the increase in
joint surplus differs between firms and suppliers. From (C.1), X-integration affects the free-entry condition of
firms through two opposing channels. On the one hand, foreign competition lowers the outside option of firms
(7), reducing their ex post profitability. On the other hand, access to export markets raises the joint surplus.
These opposing effects dampen firms’ entry incentives. For suppliers, however, outside options remain zero, so
they are unaffected by the competitive effect. As a result, X-integration increases the ex ante expected profits of
suppliers relative to firms, leading to stronger ex post competition among suppliers. Since the mass of suppliers
rises relative to firms, the ratio § = v /uf" increases in X-integration.

Although the above discussion compares equilibria between autarky and X-integration, equation (C.2) also
implies that trade liberalization within X-integration—through a reduction in iceberg trade costs 7,,—shifts the
supplier-side curve downward by more than the firm-side curve, thereby affecting the key endogenous variables
in a similar manner. This contrasts with the baseline analysis without export selection, where a reduction in
T, proportionally shifts the two curves and therefore leaves 6 unchanged within X-integration.

Once the two endogenous variables (0, 4) are determined, the remaining equilibrium variables can be written
as a function of them. In particular, the labor-market-clearing condition implies R = L in stationary equilibrium.
The masses of firms, suppliers, and matches are therefore given by (9). Under export selection, however, matched
firms earn both domestic and export revenue, whereas unmatched firms earn only domestic revenue. Accordingly,
(9) continues to hold with Z = o7y (14 (1472 77)¢" ~*u’' /). Welfare is given by (10), except that 7 is replaced
by 74, which is determined by the right-hand side of (C.2). This completes the characterization of the unique

stationary equilibrium of the open economy with export selection, where only matched firms export.
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C.2 Welfare-Relevant Statistics

Given the impact of X-integration described above, we now examine the gains from trade under export selection.
In particular, we show that the key welfare-relevant statistics in the model—the unmatched expenditure share

F—continue to characterize welfare.

s and the mass of unmatched firms u
Welfare Decomposition As the unmatched profits 74 fall in X-integration relative to autarky, the welfare
expression in (10) implies that this integration always generates gains from trade in equilibrium.

To characterize the gains from trade in this extension, we follow ACR and define the partial trade elasticity as
e =—0In(R;/Rq)/0InT,, where the partial derivative holds matching outcomes fixed. Under export selection
Rg = (N¥ —n)r +nrq(p) and R, = nr,(p). From (6), the export share satisfies R, /Rq = 7177 A, where

(poflluF

= T __ <1
5+<‘00—1NF

represents the market share of exporters. This term captures the selection effect and introduces an additional

adjustment margin through entry and exit. Taking the total derivative of R, /R4 with respect to 7, yields

7d1n(Rz/Rd)
dlnT,

~ OlnA dln ¥
Olnpf dint,

=(c—1)

The first and second terms correspond to the intensive and extensive margins, respectively. Export selection
therefore introduces an additional trade margin through endogenous matching. However, the welfare formulas
in (20) and (21) are expressed in terms of the partial trade elasticity, as in ACR. Holding matching outcomes
fixed eliminates the second term, implying that the partial trade elasticity remains ¢ = ¢ — 1 as in the baseline.
Intuitively, a reduction in 7, lowers unmatched profit w4 through a decline in the price index, which raises the
matching rate uf". This indirect adjustment disappears when only the direct effect of 7, is considered.

In contrast, the domestic expenditure share is defined as A = Rq/R = [(N¥ — n)r + nrq(p)]/R, which is
closely related to the unmatched expenditure share s = (N¥ —n)ry/R. Without firm-to-firm matching (n = 0),
these shares coincide (A = s). With such matching, however, the latter is smaller than the former (s < \).

Under export selection, these expenditure shares are given by

_ 1+ e7 'uf /s o 1
1+ (LT ) /s 1+ (LT ) uF )8

Although these expressions differ from those in Section 4.3, the welfare change in (20) and the welfare ratio in (21)
remain unchanged because the welfare characterization in (10) continues to apply. Moreover, in contrast to the
baseline model, a reduction in 7, increases  under export selection. The expenditure shares therefore satisfy
dlns < dln A within X-integration, while the global comparison with autarky continues to imply s/s, < A, as
in the baseline model. Hence, if changes in the mass of unmatched firms are limited, both the welfare change

and the welfare ratio are larger with firm-to-firm matching than without it.

Takeaway Taken together, the unmatched expenditure share continues to play a central role in welfare under
export selection. Although export selection modifies the mapping from equilibrium outcomes to welfare, the
welfare effects of firm-to-firm matching continue to operate through changes in matching outcomes, preserving

the qualitative mechanism highlighted in Section 4.3.
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D Extensions of M-Integration

This appendix examines extensions of the baseline M-integration setting in Section 4.4. Specifically, we relax the
following assumptions: (i) identical elasticities of substitution between final goods and intermediate inputs; (ii)

symmetric countries with identical sourcing costs; and (iii) the productivity ordering of matched firms ¢ > @,,.

D.1 Different Goods Elasticities

This appendix considers the case in which the elasticities of substitution differ between final and intermediate
goods and examines how this generalization affects the equilibrium analysis.
Suppose that the elasticity of substitution between final goods in the utility function remains o, while the

elasticity between intermediate inputs in production is p > 1. The production function is therefore

y= (") + @)

where the variety index w is omitted for notational simplicity. Cost minimization yields the same unit cost of

final-good production, ¢ = wa /¢y, but the productivity of matched firms is now given by

o p—1 p%l

which reflects the elasticity p between intermediate inputs.
Matched agents choose two inputs ¥ and ° to maximize profits © = py — wa? ¥ — wa®2° — w(ff + fS),

which yields the input demands

o =a(T2 ) e s - (%) e (D.1)
x = , x =l—=)] = . :
¥ o waF ¥ ¥ oS ¥
(D.1) shows that when the elasticity is higher for final goods than for intermediate inputs (¢ > p), matched firms
with ¢ > 1 demand more inputs than unmatched firms with ¢ = 1. Empirical estimates in production networks
suggest moderate elasticities across intermediate inputs (Antras et al. 2017), typically below elasticities across
final goods in the trade literature, making the case o > p plausible. By contrast, when elasticities are identical
(0 = p) as in the baseline, productivity drops out of (D.1). Consequently, matched and unmatched firms have
identical core-input demands, although matched firms continue to use the non-core input z° ().

Using (D.1), profit maximization yields the following equilibrium price, output, and revenue:

F

o= M =t ) o) =a( )”1.

o—1 ¢ o waf o wal

These expressions depend only on the final-good elasticity o, as in the baseline model; the input elasticity
p affects equilibrium outcomes only through productivity ¢. Consequently, the equilibrium ratios in (1) and
profits in (2) remain unchanged. Intuitively, while the input elasticity p affects the input demands x"() and

25(¢p), it does not affect total input expenditure e(p) = wa®z (¢) + wa®z%(p), because (D.1) implies

d@:A("”)U( L4 )H. (D.2)

o wal
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Since (D.2) holds regardless of whether o = p, profits 7(¢) = r(¢) —e(p) — wf depend only on o, implying that
profit maximization yields the same revenue ratio r(¢)/r in (1) and profits w(y) in (2). Moreover, with labor
as the numéraire (w = 1), matches generate the joint surplus m(¢) — 7 = (9=t — 1)7 — f, as in the baseline.
Hence, the equilibrium characterization remains unchanged, although the equilibrium values of 8 and 7 may
vary with p through their dependence on .

Turning to the equilibrium analysis of trade integration, under the normalizations w = a" = a° = 1,

productivity of firms matched across borders is

where p is the elasticity of substitution between inputs. Using ¢,,, input demands are

2" (pm) = A (U — 1>U S (1)pr(<Pm)~

(o Tm

This implies the equilibrium price, output, and revenue of firms matched abroad:

o o—1
o 1 c—1 o—1
m) — 5 m :A m B m :A m .
p(em) s 1om y(em) (gw) r(om) <Jso>

The input expenditure of cross-border matches e(¢,,) = 2 (om) + Tma (¢m) is

c—1\7 __
e(som)=A< > o7,

a

which also holds regardless of whether o = p. Consequently, cross-border matches generate profits and the joint
surplus given by (15) and 7(¢,,) — 7 = (99,1 — 1)7 — f,n, respectively, as in the baseline model.

We now examine the effects of trade. Under X-integration, setting 7,,, = oo implies ¢,,, = 1, so a cross-border
relationship would generate negative surplus, 7(¢,;,) — ® = — fin < 0. Since no such relationships are sustained
in equilibrium, the free-entry conditions remain the same as in the baseline model. Likewise, the equilibrium
characterization remains unchanged in M-integration. The key difference is that the condition under which

cross-border matches generate higher surplus than remaining unmatched is no longer written as (23), because

o—1
1 p—1\ -1
= (2))

Consequently, the profitability of cross-border sourcing now depends on both the final-good elasticity ¢ and
the input elasticity p, and cannot be compared as directly with (18) as in the baseline model. Nevertheless,
allowing p # o affects only the productivity terms ¢ and ¢,,. The equilibrium ratios and profit expressions
remain unchanged, so the matching and welfare mechanisms continue to operate as before. Therefore, the

qualitative effects of M-integration on entry, matching, and welfare are preserved.

D.2 Asymmetric Countries

This appendix studies an extension with asymmetric countries to examine how trade integration affects welfare

in this setting.
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Setting Suppose two countries, North and South, differ in unit labor requirements a®, a®,a?", a5, where

asterisks denote Southern variables. Assume North has a comparative advantage in producing non-core inputs:

s 5* F F*
a a a a
< — — — > . D.3
af T af a® = ad (D-3)

We also assume af < a” so that North has an absolute advantage in core inputs. To keep the analysis tractable,
all other structural parameters remain symmetric across countries, including market size and trade costs. In
this setting, the welfare implications differ from those in the baseline model: M-integration can generate welfare
gains in North but may cause welfare losses in South.

This extension also helps clarify the welfare implications of offshoring in Antras and Helpman (2004), who
study firms’ sourcing decisions in a North—South setting but do not analyze the welfare effects on each country.
Interpreting the offshoring equilibrium as that of M-integration, the model shows that search and matching can
generate a wage difference (i.e., country productivity) between North and South. Moreover, when this wage

gap is sufficiently large, offshoring can generate welfare gains in North while causing welfare losses in South.

Autarky We begin by describing the autarky equilibrium. Using (D.3), productivity of matched firms is

aF o—1 ﬁ (J,F* o—1 ﬁ

Since North has a comparative advantage in non-core inputs, productivity is higher in North (¢ > ¢*), reflecting
more efficient input expansion under CES technology. This productivity gap leads to the following differences.

First, wages are no longer equalized across countries. The labor-market clearing conditions are R = wL
and R* = w*L*. To compare the two countries, we measure nominal variables in a common unit of account.
We also focus on an equilibrium in which North’s higher productivity is associated with a higher relative wage,
w > w*. Since we assume L = L*, labor-market clearing implies R > R*. We normalize the Southern wage to
unity by choosing Southern labor as the numéraire.

Second, the two key endogenous variables may differ across countries. Since wages are no longer equalized,

*

profit must be measured relative to wage, 7/w and 7*/w*. Here we focus on an equilibrium in which North

has lower normalized unmatched profit than South, 7/w < 7*/w*, which implies § > 6* from (11):

T *

i Al i
w w

Thus, North’s higher unmatched ratio is associated with lower unmatched profit. Intuitively, higher productivity
increases the surplus from successful matches, encouraging supplier participation in North. This, in turn, raises
firms’ matching rates, so free entry drives down the equilibrium unmatched profit.

Third, welfare is higher in North than in South (W > W*) because the welfare expression in (10) becomes

11 ( L \7 —1 1 L+ \7T
w=2"2_— R Sy (S
o af \o(r/w) o af \o(r*/w*)

The result follows from noting L = L*, a¥ < af ", and m/w < 7 /w*. Intuitively, Northern consumers spend

a smaller share on goods produced by unmatched firms (s < s*), reflecting a greater allocation of resources to

matched firms and a larger share of goods produced by them in North.
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M-Integration Under M-integration, a Northern firm matched with a Southern supplier continues to source
core inputs domestically, while non-core inputs are obtained from the South and incur the iceberg trade cost
* CLS *

Tm. Since the delivered unit cost of Southern non-core inputs is 7, w whereas the unit cost of Northern

)

core inputs is wa!”, productivity becomes

UJGF o—1 ﬁ
= 1 —|— E—— .
Pm ( (me*as ) >

This reflects that cross-border sourcing affects productivity through both technological differences (a*', a® )

and
wage differences (w,w*). Therefore, if the equilibrium wage differential (w > w*) persists under M-integration,
cross-border matches need not be of intermediate efficiency, in contrast to the baseline model. In particular,
©m > ¢ if and only if wa® > 7, w*a®", which is more likely as the relative wage w/w* is larger. Intuitively,
Northern firms sourcing from Southern suppliers benefit from lower Southern wages, which may outweigh the
transport cost 7,,.

Similarly, productivity of Southern firms matched with Northern suppliers is

1
. 1+ w*a,F* o—1\ -1
Pm = Tmwas '

a’s

In this case, we obtain ¢}, > ¢* if and only if w* > Twa”, which is less likely as w/w* is larger, because a
larger North—South wage gap raises the cost of importing Northern inputs, making input sourcing by Southern

firms less attractive. Hence, a sufficiently large wage gap can generate the productivity ordering:

Om > Q> Q"> 0. (D.4)

To determine whether M-integration raises welfare, it suffices to check whether condition (24) holds in each
country. Assuming that the fixed matching costs f and f,, are measured in units of labor in the firm’s country

and dividing the profit comparison by the local wage, the condition now becomes
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If the productivity ordering (D.4) holds in equilibrium, this condition can be satisfied in North but not in South.
Consequently, M-integration can generate welfare gains in North while causing welfare losses in South.

The intuition behind the contrasting welfare implications between North and South is as follows. In the
symmetric-country model, M-integration lowers welfare by reallocating resources from the most efficient firms to
moderately efficient ones, reducing the productivity of matched firms and thereby raising both the price index
and the unmatched expenditure share. In the asymmetric-country model, this misallocation can be mitigated
in North because firms matched abroad become the most efficient among operating firms. Even in this case,
however, welfare losses may still arise in South.

One broad implication of this extension is that a less advanced country (with lower wages and productivity)
is more likely to suffer welfare losses from the integration of matching markets. This suggests that policymakers

should pay closer attention to offshoring between developed and less developed countries.
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D.3 Nested Foreign Sourcing

This appendix extends the M-integration environment by allowing a domestically matched firm—supplier pair

to source an additional foreign input.

Environment The economy features the key matching structure of the baseline model. In this extension,
firms and suppliers first form domestic relationships through the matching process. Then, conditional on such a
relationship being formed, a fraction a € (0, 1) of matched pairs additionally procure a standardized input from
the foreign market by paying the input cost 7,,, which raises productivity through the CES input aggregation.
Because the imported input is purchased through the market, it does not involve an additional matching process,
thereby preserving the one-to-one matching structure. Accordingly, the share « is treated as exogenous below.
Thus, this extension does not introduce an endogenous compositional effect through firms’ sourcing decisions;
instead, it isolates how the congestion externality depends on the average match surplus associated with a given
sourcing structure. We therefore examine whether the welfare implications of M-integration continue to depend

on matching-market interactions when foreign sourcing raises productivity conditional on matching.

Nested Foreign Sourcing and Productivity In Section 4.4, a matched firm—supplier pair combines the
firm’s in-house core input with one outsourced intermediate. Let af denote the unit labor requirement for the

in-house input and a® that of the domestic supplier. As in the baseline model, effective productivity is

1
QF o—1 o—1

In this extension, however, a matched firm—supplier pair may additionally engage in nested foreign sourcing.
Imported inputs incur iceberg trade costs 7, > 1, while country symmetry implies that foreign suppliers also
produce inputs with unit labor requirement . Combining the firm’s core input, the domestic supplier input,

and the imported input through the CES technology yields productivity

. . . CLF o—1 N aF o—1 ﬁ
L a® T @S '

Nested foreign sourcing therefore further increases productivity, ¢ > ¢, because CES aggregation exhibits gains

from input variety. As in the baseline model, we normalize unit labor requirements to a” = a® = 1. However,
these relationships also incur an additional fixed cost associated with establishing and maintaining the foreign
relationship on top of the domestic one. Hence, the total fixed cost of a nested foreign sourcing relationship is
f = f+ fm, where f denotes the fixed cost of the domestic supplier relationship and f,, denotes the additional
fixed cost of nested foreign sourcing. Relative to domestic-only matches, nested foreign sourcing therefore lowers

marginal costs but raises fixed costs.

Modified Free-Entry Conditions When nested foreign sourcing is available, supplier relationships differ in
the surplus they generate. Domestic-only relationships yield surplus 7 () — 7, whereas nested foreign sourcing
relationships yield surplus 7(¢) — 7. Under M-integration, operating profits of unmatched firms are © = my,

o—1 ~o—1

while those of matched firms are () = ¢ ‘g — f and (@) = ¢° L7y — f. Hence, relationship surpluses are

m(@)—m= (" =Dma—f,  w(@)-m= ("""~ Yma~f.
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Since a fraction a of matched firm—supplier pairs engage in nested foreign sourcing, while the remaining fraction

1 — a engage only in domestic sourcing, the expected surplus generated by a meeting is

S=1-a)(r(p)—7) +a(r(@) —7) = Anq — [,

where A = (1 — a)(¢” ' —1) 4+ (@' — 1) is the expected productivity component, while f = (1 — a)f + af
is the expected relationship-specific fixed cost. Both depend on the share of nested foreign sourcing «.
The free-entry conditions remain identical in form to those in the baseline model: 74 + ¢S = fI for firms

and ¢°S = 2 for suppliers. Substituting S and solving for 74 yields

_JE+7e”
14 APF
_fE+ o0
d—Td)S-

(D.5)

As in the baseline model, free-entry conditions (D.5) jointly determine the key equilibrium values of 74 and 6.
In this extension, however, expected match surplus now depends on the composition of supplier relationships
through «. As a result, changes in the incidence of nested foreign sourcing affect entry incentives and equilibrium

matching outcomes even though the structure of the free-entry conditions remains unchanged.

Profitability of Nested Foreign Sourcing Nested foreign sourcing raises productivity by allowing firms to
combine domestic and foreign inputs. At the same time, it requires an additional fixed cost f,, to establish and
maintain the foreign upstream relationship. From the operating profits derived above, nested foreign sourcing

is more profitable than domestic-only matching, 7 (@) > w(¢), if and only if
(@' =" Na > fm. (D.6)

Condition (D.6) is the analogue of (23) in the baseline model. The difference is that the relevant comparison
is now between nested foreign sourcing and domestic-only matching, rather than between foreign sourcing and
remaining unmatched. Thus, condition (D.6) holds when the incremental operating-profit gain generated by
the additional foreign input exceeds the additional fixed cost f,.

Unlike condition (23) which helps determine the equilibrium incidence of foreign sourcing, condition (D.6)
does not determine equilibrium adoption because the share of nested foreign sourcing relationships, «, is imposed
exogenously. Instead, condition (D.6) simply characterizes whether nested foreign sourcing is more profitable
than domestic-only matching. If condition (D.6) is violated, nested foreign sourcing generates lower net profits
than domestic-only matching, but a fraction « of relationships still engage in nested foreign sourcing because
the incidence of such relationships is exogenously given. The purpose of the extension is therefore to examine
how an incidence of nested foreign sourcing affects entry, matching, and welfare through the matching market,
rather than to model the adoption decision itself.

Relative to autarky, nested foreign sourcing increases both the expected productivity component and the
expected fixed-cost component of match surplus. Because nested foreign sourcing raises productivity (¢ > ),
the expected productivity component of match surplus satisfies A > =1 — 1. At the same time, the additional
relationship cost implies f > f. Thus, relative to autarky, nested foreign sourcing increases both the expected
benefits and the expected costs of matching. The resulting effects on equilibrium 74 and 6 depend on how these

two forces interact through free-entry conditions (D.5).
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Congestion Externalities and Welfare Although nested foreign sourcing raises productivity conditional
on matching, it also generates heterogeneity across firm—supplier relationships. Because matching is random,
entry by one agent affects the matching rates faced by other agents, while the coexistence of domestic-only and
nested-foreign relationships introduces compositional heterogeneity that individual entrants take as given. The
interaction between this compositional heterogeneity and matching congestion is similar in spirit to Acemoglu’s
(2001) “good jobs versus bad jobs” mechanism, although the incidence of nested foreign sourcing is exogenously
given in our model. Recent empirical evidence on firm-to-firm trade and production networks is consistent with
related compositional mechanisms (Bernard et al. 2019; Miyauchi 2024).

In the presence of a positive fraction of matched pairs of nested foreign sourcing, productivity is higher for
those matches than for domestic-only matches (¢ > ), but the associated fixed cost is also higher ( f> ).
When the productivity gain outweighs the additional fixed cost so that nested foreign sourcing raises the value
of a relationship, the resulting increase in expected match surplus alters participation incentives and thereby
affects entry, matching rates, and the mass of unmatched firms. Consequently, the welfare effects of nested
foreign sourcing depend not only on the direct productivity gains associated with more productive matches but
also on how compositional heterogeneity in supplier relationships interacts with congestion externalities in the
matching market.

These effects feed into welfare through the allocation of expenditure between matched and unmatched firms.

In particular, the unmatched expenditure share becomes
1

Lt (= apprt +aprt )ur o

S =

Relative to the baseline model, the productivity term is replaced by a weighted average reflecting the coexistence
of domestic-only and nested-sourcing relationships. A higher incidence of nested foreign sourcing therefore lowers
the expenditure share on goods produced by unmatched firms directly through higher productivity. At the same
time, changes in entry incentives alter the matching rate u” and the mass of unmatched firms. Consequently,
welfare continues to depend on equilibrium matching outcomes rather than on productivity differences alone.
This extension shows that the welfare mechanism does not rely on foreign sourcing being less productive than
domestic sourcing. Even when foreign sourcing increases productivity through access to an additional input,
welfare continues to depend on matching-market outcomes because, as in the baseline model, entry and matching
determine the allocation of firms across matched and unmatched states. Thus, the welfare consequences of M-
integration depend not only on productivity gains from foreign sourcing but also on how matching outcomes

respond in equilibrium.

Winners and Losers In the baseline model, unmatched firms may benefit from M-integration because compe-
tition from matched firms is weakened, while matched firms may lose from changes in productivity and matching
opportunities. In contrast, the present extension allows firms engaged in nested foreign sourcing to become the
most productive and profitable firms in the economy. Access to an additional foreign input raises productivity
and increases the surplus generated by nested-sourcing relationships. At the same time, domestic-only matched
firms face stronger competition from nested-sourcing firms, while supplier incentives depend on the composition
of supplier relationships. Consequently, M-integration creates both winners and losers even when foreign sourc-
ing raises productivity. Aggregate welfare remains distinct from these distributional effects because it depends

not only on productivity conditional on matching, but also on equilibrium entry and matching outcomes.
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E Quantitative Analysis

This appendix describes (i) the calibration strategy, (ii) parameter values, (iii) robustness to export selection,

and (iv) the effect of trade liberalization for the quantitative analysis in Section 5.

E.1 Calibration Strategy

We calibrate the model so that the unmatched ratio satisfies # = 1.5 in the autarky equilibrium. Combining

the two free-entry conditions in (8) yields
(W = D@ = 9" F0) = £+ fo°. (E.1)

Since ¢ and ¢° depend on the unmatched ratio 6, this condition implicitly determines the equilibrium value of
6 under the CES matching function (25). We therefore choose exogenous parameter values so that (E.1) holds
at the calibrated benchmark 8 = 1.5. Similar calibration strategies apply under X- and M-integration using the
free-entry conditions (17) and (22), respectively, although the equilibrium values of (0, 7,) differ across trade
regimes, as shown in Figure 3. Once (6, 74) are determined, the remaining equilibrium variables follow directly.

We compute the equilibrium using nonlinear fixed-point iteration. Starting from an initial guess for 6,
we update matching rates and bargaining shares implied by the CES matching function and the bargaining
equations, and then solve the free-entry conditions for the implied equilibrium allocation. The procedure is
iterated until the supremum norm of successive updates falls below 10~8. Trade liberalization experiments are
conducted by varying 7, or 7,, while holding all other parameters fixed at their benchmark values.

After solving for (0, m4), we compute s and u’ using the welfare decomposition in (21). In X-integration,
changes in 7, affect the unmatched expenditure share s through the domestic expenditure component, while 0
and u’ remain unchanged as long as the all-export equilibrium is maintained and f, is fixed. In M-integration,

by contrast, changes in 7, affect ¢,,, the free-entry conditions, and hence (6, s, u’").

E.2 Parameter Values

Production Parameters We set the elasticity of substitution between varieties to o = 4, following Heise
(2024). Normalizing unit labor requirements to one (a’ = a® = 1), the productivity of domestic matches is
set to ¢ = 1.25, implying that matched firms are 25 percent more productive than unmatched firms (¢ = 1).
This value generates an exporter revenue premium that is broadly consistent with the evidence reported by
Bernard et al. (2007a). Because observed exporter premia reflect several mechanisms beyond relationship-
specific productivity, we use their estimate as a plausibility check rather than as an exact calibration target.
Under constant returns to scale in matching, market size does not affect the key endogenous variables (6, 7q).
We therefore set L = 168 million to match the U.S. labor force in 2024.

Matching and Depreciation Parameters The exit rate § enters (E.1) through f' = §FF and f% = 6F%.
In much of the literature, this parameter is calibrated to match job destruction rates, which are typically
low (e.g., 6 = 0.025 in Ghironi and Melitz 2005). However, given the calibrated matching rate uf = 0.26,
equation (12) implies a very small unmatched expenditure share (s = 0.04). Following Heise (2024), we instead
interpret § as the depreciation rate of relationship capital and set § = 0.05, close to the estimate 6 = 0.063,
under which equation (12) implies s = 0.09. We set the firm’s primitive bargaining weight to B = 0.6, motivated
by evidence that buyers possess substantial bargaining power in firm-to-firm trade (Alviarez et al. 2025).
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Fixed Costs We normalize the matching cost to f = 0.1, following Bernard et al. (2007b), and set the firm
entry cost to FII" = 18 so that the ratio FI'/f is of the same order of magnitude as in Felbermayr et al. (2011).
The supplier entry cost is set to F, (,S = 2.48 so that the equilibrium unmatched ratio matches the value reported
by Heise (2024), § = 1.5, in (E.1). Using § = 0.05, these values imply fI = 0.9 and f¥ = 0.124.

Export-Side Parameters To solve for the open-economy equilibrium, we specify additional parameter values
for trade costs while maintaining the same parameter values as in autarky. We set 7, = 1.6, close to the
estimate 7, = 1.7 reported by Anderson and van Wincoop (2004). This implies a domestic expenditure share
of A = —L— = 0.8. We also set f, = 0.14 (and hence F, = f,/5 = 2.8) to satisfy condition (18), under which

1472

all firms export in X-integration. This value is close to the estimate 0.17 used by Felbermayr et al. (2011).

Import-Side Parameters Tariffs on final goods tend to exceed those on inputs, a pattern known as tariff
escalation (Antras et al. 2024). Motivated by this evidence, we set 7, = 1.2 < 7, = 1.6. Then, ¢,, = 1.16,
implying that firms with cross-border matches are 16 percent more productive than unmatched firms (p = 1),
but less productive than firms matched with domestic suppliers (¢ = 1.25). When we keep f,, = 0.14 (= f,),
condition (23) holds whereas condition (24) does not, as assumed in Section 4.4. We set = 0.4, which implies
that the fraction of matched firms engaged in cross-border sourcing is k/(14+x) = 0.29. Since & is a reduced-form
parameter and direct evidence on the prevalence of cross-border supplier relationships is limited, we choose this

value to broadly reflect the prevalence of importing among exporters documented by Bernard et al. (2007a).

Calibration Targets Table E.1 summarizes the calibrated parameter values employed in the quantitative
analysis. Several parameters are taken directly from the empirical literature, whereas others are chosen to match
key equilibrium moments, including the unmatched ratio and the relative magnitudes of entry and matching

costs in the stationary equilibrium.

E.3 Robustness to Export Selection

A natural concern is whether the quantitative mechanisms identified in Section 4.3 continue to operate when
trade induces export selection in the spirit of Melitz (2003). To examine this, we raise the fixed export cost from
fz = 0.14 in the benchmark calibration to f, = 0.17, while keeping all other parameters at their benchmark
values reported in Table E.1. Under this parameterization, we solve the free-entry conditions (C.2) for (6, mq).
The resulting equilibrium satisfies condition (C.3), implying that only matched firms export.

Table E.2 shows the main qualitative results under export selection. Although higher export costs reduce
aggregate welfare relative to the benchmark calibration in Section 5.2, firm-to-firm matching continues to amplify
the gains from trade. Under X-integration, export selection reallocates production toward productive matched
firms and reduces the unmatched expenditure share. Quantitatively, the gains from trade are 2.7 percent with
firm-to-firm matching and 1.5 percent without such matching. The larger gains in the matching economy arise
because export selection shifts expenditure toward matched firms, thereby lowering the unmatched expenditure
share. Thus, although export selection lowers the overall gains from trade due to higher fixed export costs, the
qualitative role of firm-to-firm matching in amplifying the gains from trade remains robust.

These quantitative results echo the well-known insight that export selection matters for the gains from trade
(Costinot and Rodriguez-Clare 2014). Our results show that the unmatched expenditure share and the mass
of unmatched firms remain key welfare-relevant matching outcomes even in environments with export selection

and firm-to-firm matching.
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Table E.1: Calibrated parameter values

Parameter Interpretation Value Source/Target
Technology and demand

L Labor endowment 168 million  U.S. labor force (2024)
a¥,a® Unit labor requirements 1 Normalization

® Productivity of domestic matches 1.25 Bernard et al. (2007a)
o Elasticity of substitution 4 Heise (2024)

Matching market

L Matching elasticity 0.45 Heise (2024)

) Depreciation rate 0.05 Heise (2024)

K Relative difficulty of cross-border matches 0.4 Bernard et al. (2007a)
B Firm’s primitive bargaining weight 0.6 Alviarez et al. (2025)
Entry and matching costs

FF One-time firm entry cost 18 Felbermayr et al. (2011)
F?S One-time supplier entry cost 2.48 Target: 8 = 1.5

f Domestic flow matching cost 0.1 Bernard et al. (2007b)
F Per-period firm entry cost 0.9 fF=0FF

fs Per-period supplier entry cost 0.124 f5 =6F%

Trade costs

T Iceberg export cost 1.6 Anderson and van Wincoop (2004)
Tm Iceberg import cost 1.2 Grossman et al. (2024)
Fy One-time export entry cost 2.8 Felbermayr et al. (2011)
Sz Per-period export entry cost 0.14 fe=0F,

fm Foreign flow matching cost 0.14 Assumption (f,, = fz)

Notes: The table reports the benchmark parameter values used in the quantitative analysis. Several parameters are taken directly

from the empirical literature, while others are calibrated to match equilibrium moments, including the unmatched ratio and the

scale of entry and matching costs. The wage rate is normalized to one by choosing labor as the numéraire. Details of the calibration

procedure are provided in the text.

Table E.2: Quantitative effects of trade under export selection

0 B-nt s/sa uf/ul W/W,
Autarky 1.50 0.05 1.00 1.00 1.000
X-integration (with matching) 1.76 0.03 0.77 0.83 1.027
X-integration (without matching) 0 N.A. 080 1.00 1.015

Notes: The table reports equilibrium outcomes under export selection with the fixed export cost f; = 0.17, which applies to both

the matching and no-matching economies. All remaining parameters are held at the benchmark values reported in Table E.1.

Welfare and matching outcomes are normalized relative to autarky. The first row under X-integration reports the equilibrium with

firm-to-firm matching, while the second row reports the benchmark economy without such matching.
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E.4 Effect of Trade Liberalization

In Section 5.2, we have examined the quantitative effect of trade integration relative to autarky. In this section,
we examine the quantitative effect of trade liberalization under X- and M-integration. Specifically, we allow the
iceberg costs to vary across the ranges 7., 7, € [1,1.6], while holding all other parameters—including x under
M-integration—fixed at their benchmark values. While Table 1 reports discrete welfare comparisons between

autarky and the two integration regimes, the present analysis examines comparative statics within each regime.

Effect of X-Integration The comparison between autarky and X-integration is not the same as that across
different levels of 7,, within X-integration. As noted in footnote 21, relative to autarky, X-integration increases
the equilibrium unmatched ratio (6 > 6,), which in turn improves firms’ matching rates. By contrast, conditional
on being in the X-integration regime, changes in 7, leave the unmatched ratio unchanged because these trade
costs scale profits proportionally without affecting the free-entry conditions in terms of total profits (see (19)).
Lower 7, therefore leaves the unmatched ratio 6§ unchanged over the relevant parameter range.

Consequently, both the dynamic and primitive Hosios wedges—3—n" and B —7F —remain unchanged at 0.03
as 7, varies within X-integration. While the mass of unmatched firms u?' /ul’ remains constant as 7, falls, lower
trade costs shift expenditure toward productive matched firms engaged in export activity, thereby reducing the
unmatched expenditure share s/s,. Welfare gains rise steadily as 7, falls because reductions in the unmatched
expenditure share reflect the direct price-index benefits of expanding export markets. The matching-efficiency
component in the welfare decomposition is not operative because # remains constant. Even so, the welfare ratio
with firm-to-firm matching, W/W,, exceeds that without firm-to-firm matching, W /W,, because the unmatched

expenditure share satisfies s < A. These comparative statics are illustrated in the left panels of Figure E.1.

Effect of M-Integration A reduction in 7, raises the equilibrium unmatched ratio # by making cross-border
matches more attractive (see (22)). The resulting increase in 6 raises both the effective bargaining share 8 and
the dynamic social matching share n’, with the latter rising more strongly, so that 3 — n¥ narrows as 7, falls.
The primitive Hosios wedge B — 7% exhibits the same qualitative pattern. Because both wedges remain positive
throughout the range, the increase in 6 alleviates firm-side congestion. At the same time, both the unmatched
expenditure share s/s, and the mass of unmatched firms uf" /ul” decline steadily as 7,, falls, reflecting improved
matching outcomes and the higher productivity of cross-border supplier relationships.

Lower input trade costs improve welfare by making foreign supplier relationships more productive and by
narrowing the Hosios wedge. As a result, the welfare ratio W/W, increases monotonically as 7, falls. However,
the magnitude of this effect depends on the importance of foreign supplier relationships: when & is larger, firms
rely more heavily on foreign suppliers, so changes in 7, have stronger effects on congestion externality, thereby

leading to a larger welfare response. These comparative statics are illustrated in the right panels of Figure E.1.

Implications Under X-integration, reductions in final-good trade costs raise welfare by shifting expenditure
toward more productive matched firms and lowering the unmatched expenditure share. Under M-integration,
by contrast, reductions in input trade costs affect welfare through both changes in the composition of matches
and endogenous congestion adjustment in the matching market.

Importantly, welfare movements closely track changes in the unmatched expenditure share, highlighting
its role as a key welfare-relevant statistic in environments with firm-to-firm matching. The quantitative results
therefore suggest that aggregate trade shares alone are insufficient to characterize welfare once matching frictions

shape the allocation of supplier relationships.
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Figure E.1: Comparative statics with respect to trade costs under X- and M-integration
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